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ABSTRACT

Operation Approach on a new class of topological spaces with §Ps-open subsets was called a g-open set. In this article, we examined
some new classes of sets via g-open sets on an operation @ on 6Ps-open sets in topological spaces such as closure, Closure,, limit
points, derived sets, neighbourhood, interior, exterior, boundary and frontier. Some properties of these topological properties are
investigated. Moreover, a new class of set via the operation @ on S8Ps-open sets called saturated set are defined. Finally, some
relationships among these classes of sets are given and some examples are illustrated.

KEYWORDS: g-open set,Closure,, o-derived sets, g-neighbourhood, interior,, o-exterior, -boundary, e-frontier and

p-saturated.

1. INTRODUCTION

Semi-open sets were initially proposed by Levine [8] in 1963.
In 1968,Velicko [13] was the first to allude to the class of & -
open subsets of a topological space. In 1979,Kasahara [7]
developed the concept of a-closed graphs of functions and
examined the idea of an operation on an open set 7. In 1982
Mashhour, Abd EI-Monsef, and El-Deeb [9] developed the idea
of preopen sets. Ogata [5] changed the designation of the
operation a to operation y on t in 1991. In 1993, Raychaudhuri
and Mukherjee [10] discovered and explored a class of sets
called &-preopen. Khalaf and Asaad [1] in 2009 introduced a
new concept Ps-open sets in topological spaces. Khalaf and
Ameen [2] in 2010 introduced the new class of open sets called
sc-open sets in topological spaces. Assad [3] introduced
Operation approaches on Ps-open sets and their separation
axioms in 2016.Jayashree and Sivakamasundari [6] in 2018
initiated the Operation approaches on 3-open sets. An operation
y on the collection of ga-open subsets of a topological space
was introduced by Asaad and Ameen [4] in 2019. Ameen,
Asaad, and Muhammed [14] in 2019 introduced the super class
of 3-open sets. In 2020, Vidhyapriya, Shanmugapriya and
Sivakamsundari [12] developed a new type of open set called
SPs-open sets by combining the ideas of 5-preopen and Ps-open
sets. Shanmugapriya, Vidhyapriya and Sivakamsundari [11] in
2021 introduced a p-open set as a novel class of operational
open sets in topological spaces. Using p-open sets,
here we examined fundamental properties of topological
operators: the o-closure, closure,, o-limitpoints, o-
derivedsets,p-neighborhood, o-interior,p-exterior,
o-boundary,e-frontier of a set and g-saturated sets.

2. PRELIMINARIES

Let Y be a set and t be topology then (Y, T) be the topological
space. Here P be a subset of the topological space (Y, ).
Definition 2.1[8]. A subset P is called semi-open if P <

Cl(Int(P)).

The complement is called a semi-closed set.

Definition 2.2[12].

* Corresponding author

A &-preopen subset P of a space Y is called a  6Pg -open set if
forall p € P, 3 asemi-closed setFsuch thatp € F € P.The
collection of all 8Ps-open sets is denoted by §PsO(Y).

The pointp inY is called 6Ps-closure of P iff PN H = @, for
every 8Ps-open set H containing p.lt is denoted by 6PsCl(P).

Definition 2.2[11]. An operation @ on &PsO(Y) is a
mapping 0: 8Ps0(Y) — P(Y) such that H < H® for every €
S8Ps0(X) , where P(Y) is the power set of Y and H? is the value
of H under o.

Definition 2.3[11]. Let (Y,t) be a topological space and o :
SPsO(Y) — P(Y) be an operation on §PsO(Y). A nonempty
set P of Y is called a p-open set if for all x € P, 3 a &Pg -open
set H such thatx € Hand H® € P.

Proposition 2.4[11]. Every p-open set is a 6Ps-open set.
Proposition 2.3[11]. The union of any class of p-open sets in Y
is p-open.

Definition 2.5[11]. Let (Y,t) be any topological space. An
operation @ on 8PsO(Y) is said to be regular,-operation if for
each p € Y and for every pair of §Ps-open sets Hi and Hz such
that both containing p, 3 a &Ps- open set F containing p such
that F¢ € H,2 n H,°.

Definition 2.6[11]. A topological space (Y, t) with an operation
o on 8P;0(Y) is said to be o- regular space if for given p €Y
and for each 8P -open set H containing p, 3 a 6Ps-open set F
containing p such that F¢ € H.

3. TOPOLOGICAL PROPERTIES OF ¢-OPEN SETS

3.1. CLOSURE, AND o-CLOSURE OF A SET

Definition 3.1.1. Let P be a subset of a topological space
(Y,t)and @ be an operation on §PsO(Y). A point p€Y is
called closure, point of the set P if for all 5Ps-open set H
containing p, H¢ N P # @ .The family of closure, points of P
is called closure, of P and is denoted by Cl,(P).
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Proposition 3.1.2. Let P be a subset of a topological space (Y, T)
and o be an operation on 6Ps0(Y), then 6Ps CI(P) S Cl,(P).
Proof. Consider let p € 8Ps CI(P) then by Definition 2.2 Pn
H +# @, for every 6Ps-open set H containing x. Always H €
He, Which gives PNH=0 S PnH? +@. By Definition
3.1.1, p € Cly(P).

Thus, 8Ps CI(P) & Cly(P).

Definition 3.1.3. Let P be a subset of a topological space (Y, T)
and o be an operation on 8PsO(Y). The g-closure of P is defined
as the intersection of all g -closed sets of Y containing P and it is
denoted by g CI(P).

oCI(P) =n{E|P € E; Y—Eisg-opensetinY}.

Proposition 3.1.4. Let P and Q be subsets of a topological space
(Y,T) and o be an operation on 8PsO(Y), then the following
statements are true:

P < Cl,(P) € o CI(P).

P < 8P CI(P) < o CI(P).

o CI(P) is a p-closed set in Y and it is the smallest p-closed set
containing P.

Cly(®) = e CI(P) = @ and Cl,(Y) = @ CI(Y) =Y.

P is a p-closed set iff o CI(P) = P.

P is a o-closed set iff CI,(P) = P.

If P < Q, then o CI(P) € @ CI(Q) and Cly(P) < Cly(Q).

Cl,(P N Q) <€ Cly(P) N CLL(Q).

o CI(PN Q) € o CI(P) N g CI(Q).

Cly,(P) U ClL(Q) € Cl,(P U Q).

oCI(P)ueCl(Q) coCl(PUQ).

e Cl (e CI(P)) = ¢ CI(P).

Proposition 3.1.5. If
8PsCI(P) = Cly(P).
Proof. 8PsCI(P) < Cly(P) is proved in Proposition 3.1.2.

Let p & 8PsCI(P), then 3 a 8Ps-open set H containing p such
that PN H = @. As (Y, t) is a g-regular space then by Definition
3.1.4, for all p € Y and for all 6Ps-open set F containing p such
that F@<H, so PNF®=@. Hencep ¢ Cl,(P).Therefore
8PsCI(P) = Cly(P).

(Y,T) is a p-regular space, then

Proposition 3.1.6. If g is a regulary-operation on 8Ps0(Y), then

Cly(P) U Cly(Q) = Cly(P U Q)

oCI(P)uU o CI(Q) = o CI(P U Q).

Proof. (a) From Proposition 3.1.4 (f) we have,
Cl,(Q) € Cly(PU Q).

On the other side, consider p & Cl,(P) UCl,(Q) 3 a pair of
8Ps-open sets Hi and H2 such that both containing p, H,® N
P=@¢gand H,°NnQ =9. Now g is a regular,-operation
on 6P O(Y) then for all pe Yand 3 a 6Ps -open set F
containing p such that F¢ € H;? n H,2

So,(PuQ)nFec (PuQ) NnH;2NnH,

but (PUQ) NH,°NH,2=

[(PUQ)NH,% NnH,? =0 nH,2 = @.Which gives, (PU Q) N
Fe = @.

Yields, p ¢ Cly(P U Q).

So, Cly(P U Q) < Cly(P) U Cly(Q).

Thus, Cly(P) U Cl, C1(Q) = Cly(P U Q).

(b) From Proposition 3.1.4 (k)

oCI(P)UCI(Q) € oCI(PUQ) so it is enough to obtain
thate CI(P U Q) < o CI(P) U @ CI(Q).

Considerp ¢ o CI(P) U o CI(Q), then there exist two p-open sets
G,and G, containing p such that PNG;=@ and QN G,=9.
As @ is a regulary-operation on 6PsO(Y) then by Proposition
3.1.2 Gy NG, isag-opensetinYso (AUB) NG; NG, = Q.
Finally p ¢ o CI(P U Q), thus

Cly(P)u

e ClI(PUQ) € CI(P) U e CI(Q).
SoeCl(P)ueCl(Q) =eCI(PUQ).

Proposition 3.1.7. Let P be a subset of a topological space (Y, t)
and o be an operation on 6PsO(Y). Then pE
o CI(P)iffPN G # @, for every p-open set G of Y containing

p-
Proof. Consider p € ¢ CI(P) and suppose PN G = @ for some
p-open set G of Y containing p.

Then PCY — G and Y — Gis a g-closed set in Y. Then,
oCI(P) € Y- G. Thus, p € (Y - G), this is a contradiction. So
PN G # @ forevery o- open set G of Y containing p.

To prove the contrary, if p & g CI(P) then 3 a g-closed set E
suchthatP S Eand p ¢ Psop ¢ E.

Then Y— E is a g-open set such that p € (Y- E)andPn
(Y- E) = @ contradicting our hypothesis.

Thus, p € o CI(P).

3.2. 0 -LIMIT POINT

Definition 3.2.1. Let P be a subset of a topological space (Y, 1)
and o be an operation on §PsO(Y). A point p € Y is called g -
limit point of P if for every p-open set G containing p, G N
(P—{p}) = 0.

The family of - limit points of P is called a o-derived set of P
and it is denoted by o D(P).

Some properties of o-derived set are mentioned in the following
propositions.

Proposition 3.2.2. The following properties hold for any sets P
and Q in a topological space (Y,T) with an operation
on §PsO(Y).

a.oD(@) = 0.

b. IfP c Q, theno D(P) S o D(Q).

c.eD(PNQ) € ¢D(P) N eD(Q.

d.e D(PUQ) 2¢ D(P) U ¢ D(Q).

e.o0D(eD(P)) —P < o D(P).

f.oD(PUD(P)) € PUD(P).

Proof. Proof of (a) is obvious.

(b)WehaveP<S Q,P —{x}S B —-{x}=> GnNnA —{x}) €
G N (B —{x}).Then

GNA - #0=>Gn(B —{x}) 0.

Hence x € g D(A) = x € o D(B).

Thus ¢ D(A) € o D(B).

This example proves that the reverse inequality of (c),(d), (e)
and (f) is not true in general.

Example  3.2.3.Consider the
T= {Q); Y, {p}r {p: q}and
{0,Y,{q}, {r}, {s}, {q, r}, {q, s}, {r, s}, {q, 1, s}}
8C(Y) = { @, Y}.An operation o : 8PsO(Y) — P(Y)is defined
as follows, for every H € 8PsO(Y).
6ClH, if q¢ H
He = .
{ H, ifqeH
Implies ¢ O(Y) = {@,Y,{q},{q,1},{q,s}, {q, 1, s}}.
For a subset P = {p,r} and Q = {p, s} therefore,
{p.s}) =eD({pH =02
e D{p,rH) ne D({p,s}h = {p} n {p} = {p}.
Hence the reverse inequality of (c) is not true.
For a subset P ={q} and Q = {p,r, s} therefore, o D({q} U
{prsh) =eDX)=X¢
e D({a) veD{p,1,s}) ={p,1,s} U{p} = {p,1,5}.
Hence the reverse inequality of (d) is not true.
For a subset P = {q, r} therefore,
eD(eD({qr}) —{qr}={p} 2 e D({q,r}) = {p,r,s}
Hence the reverse inequality of () is not true.
For a subset P = {r, s} therefore,
e D({r,s}ueD{r,s}) ={p} 2 {r,s} ue D(r,s}) = {p,r,s}.
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Hence the reverse inequality of (f) is not true.

Corollary 3.2.4. Let P be a subset of a topological space (Y, T)
and g be an operation on 8Ps O(Y). Then ¢ D(P) < ¢ CI(P).
Proof. Letp € oD(P) from Definition 3.2.1, for every g-open
set G containing p satisfying

GNP —{p)# ®=G nP =@, it follows that p € g CI(P).
So, the corollary is proved.

3.3. 0-NEIGHBOURHOOD OF A POINT AND A SET

Definition 3.3.1. A subset N of a topological space(Y,t) is
called a p-neighbourhood of a point p € Y, if 3 a o -open set G
inY suchthatp € G < N. a.
The collection of all g-neighbourhood is denoted by o N(p).  b.

C.
Definition 3.3.2. A subset N of a topological space(Y,t) isy.
called a p-neighbourhood of aset P if 3 a p-opensetGin Ye
suchthatP € G < N. f'

Remark 3.3.3. Let U< (Y,t) be a p-open set iff it is &g.
o -neighbourhood of each of its points.

Proposition 3.3.4. If E is a p-closed subset of a topological
space Y and p € Y — E, then 3 a p-neighbourhood N of p such
thatNNE = @.

Proof. Let E be o-closed subset of a topological space Y, then
Y —E isp-openset. Letp € Y—E. By Remark 3.3.3, Y—E is
a p-neighbourhood of each of its points. Finally 3 a o-
neighbourhood N of p such that

N S Y —E which givesthat NNE = @.

Proposition 3.3.5. For a topological space (Y,t) the following
results of p-neighbourhood are true forall pin Y:

a.eN(p) # @.

b. If P € o N(p), thenp € P.

c. If P € o N(p)and P < Q, then Q € o N(p).

d. If P € g N(p)and Q € ¢ N(p), then PU Q € o N(p).

e. If P e oN(p)then there exist Q€ oN(p) such that
Qc PandQ € g N(q) forall q € Q.

Proof. (a) Since by definition of o-neighbourhood,

p € Y which is a p-open set of Y such that p € Y € Y implies Y
isin o N(p) for all p .Therefore o N(p) # @.

(b) Let P € o N(p)implies P is g-neighbourhood of p, then by
definition p € P.

(c) Let P € gN(p)and P < Q.Since P € o N(p) there exists a
p-open set G such that p € G € P, then

p€G S Pc Q, implies Q is a p-neighbourhood of p, that is
Q € o N(p).

(d) Let P e oN(p)and Q € g N(p), then there exists two o-
open sets G, and G,such that

Since G; U G, is a g-open set we get PUQ isa o-
neighbourhood of p. Thus, UQ € o N(p) .

(e) Let P € o N(p), then there exist a g-open set G such that
p € G € P.Since Q is a p-open set, it is 0-
neighbourhood of each of its points by Remark 3.3.3.Thus,
there exist a @-open set Q =G such that Q€ P and Q€
o N(qg) forallq € Q.

3.4. o-INTERIOR

Definition 3.4.1. Let P be a subset of a topological space(Y, T)
and g be an operation on 8PsO(Y). A point p € P is called o -
interior point of P if 3 a 8Ps-open set H containing p, such that
H? < P and we denote the family of such points by Int, (P).

Proposition 3.4.2. Let o be an operation on §PsO(Y), then for a
subset P of Y

Inty(P) =U {G |G € ¢ O(Y) and G < P}.

Proof. Let p € Inty(P), then by Definition 3.4.1, 3 a &Ps-
open set H, such that p€H, and H,® S A. Int,(A) =
Upeintya)(P} SUH, SUHL® € A,

Let UH,® = U, which is a g-open set by Proposition 2.3 and
Proposition 2.5. Finally, p € Int,(P) = U € P.

Sop €U {G|G € gO(Y)and G S P}.

Proposition 3.4.3. Let o be an operation on 8P;0O(Y), then the
following properties holds:

Inty(@) = @ and Inty (V) = Y.

Int,(A) is the largest g-open set contained in P.

P is @ -open set iff Int,(P) = P.

If P < Q, then Inty(P) < Int,(Q).

Inty(P N Q) < Inty(P) N Inty(Q).

Inty(P) U Int,(Q) < Int,(PU Q).

Int, ( Inty(P)) = Inty(P).

Proof. Proof of (a), (b), (c) and (g) are obvious from existing
results and definitions.

The following example shows that the reverse inequality of (d),
(e) and (f) is not true in general.

Example 3.4.4.Consider the space Y = {p,q,r,s}and t =
{0,Y,{p,q}} 8Ps0(Y) ={0,Y,{r}, {s}, {r,s}}. An operation g :
SPsO(Y) — P(Y) is defined as follows, for every H €

SPs0(Y)
HQ:{CIH, ifreH
H, ifr¢H

Implies ¢ O(Y) = {9,Y,{s}, {r,s}}.
For a subset P ={q,s} and B={q,r,s} and P € Q. Hence
Inty({q,s}) 2 Int,({q,1,s}) ={d} 2 {r, s}.

Hence the reverse inequality of (d) is not true.
For a subset P = {p,q,s} and Q = {p,r,s}, implies PN Q =
{p,s}.
Hence,
Inty({p, g, s} N {p,1,s}) = Inty({p,s}) = {s} 2
Into({p, q, s} N Inty({p, 1,5} = {s}.

Thus, the reverse inequality of (e) is not true.
For asubset P = {p,q,s} and Q = {p,r,s}, impliesPuU Q =Y.
Hence,Int,({p,q,s} U {p,1,s}) = Int,(Y) =Y &
Int,({p, g,s}) U Int,({p,1,s}) = {r,s}.

Hence the reverse inequality of (f) is not true.

Proposition 3.4.5. If g is a regular,-operation on 8Ps0(Y), then
for part of subsets P,Q of a space Y, Int,(P) N Int,(Q) =

Int,(P N Q).
Proof. We have Into(PNQ) S Inty,(P)NInt,(Q) by
Proposition 3.4.3(f).

On the other hand, let p € Inty(P) N Inty,(Q) implies that,
p € Int,(P) and Inty(Q).Then there exists §Ps-open sets U and
V containing p such that U% € P and V¢ € Q, so uen
Ve c PnQ.Since g is aregulary-operation, there exists a
S8Ps-open set W containing p such that Wecuenve=
We c PnQ,hencep € Inty(P N Q).

Therefore, Int,(P) N Int,(Q) = Int,(P N Q).

Proposition 3.4.6. Let P be a subset of a topological space (Y, 1)
and o be an operation on 6PsO(Y), then the following
conditions are hold:

Inty(Y — P) = Y — Cly(P).

Cly(Y — P) = Y — Inty(P).

Y — (Cly(Y = P)) = Inty(P).
319
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Y = (Int,(Y = P)) = Cl,(P).

Proof. (a) Let p € Int,(Y — P), then 3 adPs-open set H
containing p such that H® €Y —P. Gives, HCNP =0 ,
so p & Cl,(P) by Definition 3.1.1.

Finally, p € Cl,(P),s0Int,(Y —P) €Y — Cl,(P).

Reversing the process we get, Int,(Y — P) 2Y — Cl,(P)

So (a) holds.

(b) Letp & Cl,(Y — P), then 3 a §Ps-open set H containing p,
we get H?n (Y —P) =@ gives, H® S P s0, p € Int,(P),
finally p € Y — Int,(P). So Cl,(Y — P) 2 Y — Int,(P).
Reversing the process we get, Cl,(Y — P) € Y — Int,(P)

So (b) holds.

(c) Follows from (a) by replacing P by Y — P.

(d) Follows from (b) by replacing P by Y — P.

Example 3.4.7. Consider the space Y ={p,q,r,s} and
= {0V {pt{rLpa o) {partprsh
8PO(Y) = (0,Y,{q}, r}, v, 4} {a. 7} (. 0.7}, (.7 3.
An operation ¢: 6Ps0(Y) - P(Y) is defined as follows, for
every H € 6P;0(Y)
o _{ H, if H=+{q,r}

Y, if H={q}and H = {q,7}
Then g is not a regular,-operation.
00(Y) ={0,Y,{r}{p.q}.{p,q,7}.{q, 7, s}}.For a subset P =
{p.q}and Q = {q,7}
Int,(P) N Int,(Q) = Int,({p, g} N Int,({g,7}) = {p, g} N
{a,7} =1{q} # Int,({q}) = 0.

3.5. ¢ -EXTERIOR

Definition 3.5.1. Let P be a subset of a topological space (Y, t)
and o be an operation on §PsO(Y).The

o -exterior of P is defined as the p-interior of Y — P.

Thatis Ext,(P) = Int,(Y — P).

a.
Proposition 3.5.2. Let P be a subset of a topological space(Y, 7)b.
and o be an operation on 6PsO(Y). Then the following resultsc.

are true:
Ext,(Y) = 0.
Ext,(0) =Y.

Ext,(P) = Y — Cl,(P).

If P Q then Ext,(P) 2 Ext,(Q).
Ext,(PUQ) S Exty(P) VU Ext,(Q).
Ext,(PN Q)2 Exty(P) N Ext,(Q).

Ext, (Ext,(P)) = Int, (Cl,(P)).

Exty(P) = Exto(Y — Exty(P)).

Int,(P) € Ext,( Ext,(P)).

Proof. The poof is obvious.

The following example shows that the reverse inequality of (e),
(f) and (i) is not true in general.

Example 3.5.3.Consider the space Y ={p,q,r,s} and =
{8,Y,{p,q}} 6PsO0(Y) ={®,Y,{r},{s},{r,s}}. An operation
0:6Ps0(Y) - P(Y) is defined as follows, for every H €

5Ps0(Y)
ClH, ifreH
HQ:{ H, iffreH
Impliesg O(Y) = {9,Y,{s}, {r,s}}.
For a subset P ={s} and Q = {p,q,7}. Hence, Ext,({s}u
pqr}) =Int,(Y -Y) =0 2
Int,(Y = {sh Ulnt,(Y —{p,q,7}) = 0 U {s} = {s}.
Hence the reverse inequality of (e) is not true.
For a subset P ={s} and Q = {p,q,7}. Hence, Ext,({s}n
a1} =Int,(Y -@) =Y &

Inty(Y — {sP) nint,(Y —{p,q,7}) = n{s}=@.

For a subset P = {s}.

Hence,Ext, (Exty({s}) = Exty(Int,(Y —{s}) = Ext,(@) =
Y.

Thus, Int,({s}) ={s} 2.

Hence the reverse inequality of (i) is not true.

Corollary 3.5.4. Ext,(P N Q) 2 Exty(P) U Ext,(Q).
Proof. Ext,(P N Q) =Y — (Int,(P N Q)) =

Inty((Y =P)U (Y — Q) 2 Int,((Y — P)) Ulnt,((Y —
Q)) = Ext,(P) U Ext,(Q).

Proposition 3.5.5. Ext,(P U Q) € Ext,(P) N Ext,(Q), the
equality holds if ¢ is a regular,-operation.

Proof.  Ext,(PUQ) S Inty,(Y—(PUQ)) =Int,((Y -
P)n (Y —Q)) S Int,(Y — P) N Int, (Y — Q) = Exty(P) N
Ext,(Q), by Proposition 3.45as g is  regular,-operation the
equality holds.

3.6. 0-BOUNDARY

Definition 3.6.1. Let P be a subset of a topological space(Y, 1)
and g be an operation on O(Y), the

o- boundary of P is defined as the family of points which do
not belong to g-interior or p-exterior of P. It is denoted by
Bd, (P).

Remark 3.6.2. Let P be a subset of a topological space(Y, 7) and
o be an operation on §P;0(Y) then,

Y — Exto(P) = Int,(P) U Bd,y(P).

Proof. Follows from Definition 3.6.1.

Proposition 3.6.3. Let ¢ be an operation on §PsO(Y). The
following conditions are equivalent for a o -closed subset:
Y — Bdy(P) = Int,(P) U Ext,(P) .
Cly(P) = Int,(P) U Bd,(P).
Bd,(P) = Cly(P) — Int,(P) = Cl,(P) N Cl,(Y — P).
Proof. (a) = (b) Remark 3.6.2, Y — Ext,(P) = Int,(P) U
Bd,(P) gives Y — (Int,(Y — P)) = Int,(P) UBd,(P) =
Cl,(P) = Int,(P) U Bd,(P), by Proposition 3.4.6(d)
(b) = (c) We known from the definition 3.6.1 that,
Bd,(P) = (Y — Int, (P)) n (Y — Ext, (P))
Bdy(P) = Y — ((Unty(P) U Exty(P))
Y —Bdy(P) = Int,(P) U Ext,(P) = Inty(P) U Int,(Y — P)
=Y = (Clo(Y —=P))UY — Cl,(P)

[by Proposition 3.4.6 (c)]
Taking complement,
Bd,(P) =Cly(Y =P)NCly(P)  ------------ ™

= (Y - Int, (P)) N Cl, (P) [by Proposition 3.4.6(b)]
Bd,(P) = Cly(P) — Int,(P) .
(c) = (a) We have, Bd,(P) = o CI(P) — Int,(P)
Consider

Int,(P) U Int,(Y — P)

- (y — (v - nt, (P)))
u (Y — (v = Inty(v - P)))
(Y - (Y - Intg(P)) n (y — Inty(Y — P)))

¥ = (Cl, (Y = P) n Cl,(P) )by Proposition 34.6 ()] =
Y — Bd,(P) from (*).

Corollary 3.6.4. Bd,(P) = Bd,(Y — P) for part of a subset P
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of Y.

Proof. From (*) in Proposition 3.6.3, we get
Bd,(P) = Cly(Y — P) N Cly(P).

Replacing P by Y — P, we get

Bd,(Y — P) = Cly(P) N Cl,(Y — P) = Bd,(P).

The following proposition characterises g-open and g-closed

sets

Proposition 3.6.5. Let P be a subset of a topological space(Y, 7)

and ¢ be an operation on &§PsO(Y). Then, the following

properties hold:

P is g-open iff P N Bd,(P) = @.

P is g-closed iff Bd,(P) € P.

Proof. (a) Let P be a p-open set, then Y — P is o-closed (i.e)

Y —P =Cl,(Y — P) for,
PNBd,(P)=PNClL(X—-P)NCL(P)=

PN —P)NnClL,(P)=0NnCl,(P)=0.

On the other hand, Suppose P N Bd,(P) = @, PN

Cly(Y = P) 1 Cly(P) = @ implies, b

PNClL(Y—P)=0=Cl(Y —P)— (Y — P) = 9, thus Y—‘;-

P is p-closed implies P is p-open.

(b) Let P be a o-closed set, thus P = Cl,(P).Now, Bd,(P) :]f-

Cly(Y = P) N Cl,(P) € Cly(P).

Hence, Bd,(P) € P.

On the other hand, Let Bd, (P) € P, then

(Y =P)nBdy(P)= @. From Corollary 3.6.4, we have
Bd,(P) = Bdy(Y —P) thus(Y —P)NBd,(Y —P) = @, by
(@Y — P is g-open. Hence P is p-closed.

Proposition 3.6.6. Let P be a subset of a topological space
(Y,7) and o be an operation on 6PsO(Y). Then the following
equality holds:
Bd,(P) N Int,(P) = @.
Int,(P) = P — Bd,(P).
Proof. (@) Bdy(P) Ninty(P) = Cly(Y — P) nClL,(P) N
Int, (P) from Proposition 3.6.3(c)
= (Y - IntQ(P)) N ClL(P) N Inty(P) = @
Proposition3.4.6(b)
(b) Consider P — Bdy(P) = P — (Cl,(Y —P) nClL,(P))
= P n (Y= ClL(Y = P) n CL,(P))
= P (Y =Cl(r = P)) U (Y = Cly(P))
= P Inty(P) U (Y = CLy(P))

= (P n IntQ(P)) U (P n (Y - ClQ(P)) )
= Int,(P) U@ = Int,(P).

from

Proposition 3.6.7. Let o be an operation on §P;0(Y)Then for
any two subsets P and Q of a topological space, ifois o -
regular then the following equality holds:
Bd,(P U Q) € [Bdy(P) N Cly(Y — Q)] U [Bdy(Q) N Cly(Y —
P)]
Bd,(P N Q) € [Bdy(P) N Cly(Q)] U [Bdy(Q) N Cly(P)]
Proof. (a) Consider, Bd,(PUQ) = (Y —Cl,(PU Q)) N
Cly(PUQ)= ClL((Y-P)n (¥ —Q))nClL(PU Q) c
(cloP) U Clo(@)) n (Clo(r = PY n CLy(Y - @)
< (€l (P) N Clo(Y = A) N CLy(Y = Q)
U (Clo(Q) N Cly(y = PY N CLy(Y = Q)

< (Bdy(P) n Cly(Y = Q) U Bdy(Q) N Cly(Y — P).

(b)Consider Bd, (P n Q) = (Y = CL,((P 1 Q))) N CLy(P N Q)
=Cl(Y-P)U (¥ —-Q)NCLFPNQ)

a.

a.
b.

< (c1,(Py n €ly(@)) n (Clo(r = PY U CLy(Y - @) c
(Clo(P) N Cly(Y = P) N Clo(@)) U (€L (@) N Cle(P) 1
Clo(Y = Q)

< (Bdy(P) n C1,(Q)) U (Bd,(Q) N Cly (¥ = P)).

3.7. 0-FRONTIER

Definition 3.7.1. Let P be a subset of a topological space(Y, 1)
and o be an operation on §Ps0O(Y). The o-frontier of P
is defined as Cl, (P) — Int, (P),

That is F1,(P) = Cl,(P) — Int,(P).

Proposition 3.7.2. For a subset P of a topological space(Y,7)
and o be an operation on

6Ps0O(Y), the following is true:

Cly(P) = Inty(P) U Fry(P).

Int,(P) N Fry(P) = @.

Fr,(P) = Cly(P) N Cly (Y — P).

Fry(P) = Fro(Y — P).

Fr,(P) is o-Cloed .

OPs Fr(Fr,(P)) € Fry(P).

Proof.(a) nt,(P) U Fry(P) = Int,(P) U (Cly(P) — Int,(P))

= Int,(P) U (ClQ(P) n (Y - IntQ(P)))
= (Int,(P) U Cl,(P)) N (Int,(P)

U (Y — Int, (P)) = Cly(P).
(b)Inty,(P) N Frp(P) = Inty(P) N (Cly(P) — Inty(P)) =
Inty(P) N (Cly(P) N Inty(Y — P) = 0.
(c) From theorem 3.6.3 () Cl,(P) N Cly(Y — P) = Cl,(P) —
Int,(P) = Fry(P), by definition 3.7.1.
(Ad)Fry(Y = P) = Cly(Y = P) — Int,(Y —P) = [Y —
Int,(P)] — [Y — Cly(P)]

=[Y — Int,(P)] N Cly(P) = Cly(P) N [Y — Int,(P)]

= Cly(P) — Inty(P) = Fry(P).
(e) Fr,(P) = Cl,(P) n Cl,(Y — P), which is an intersection of
o-closed sets and thus it isa p-closed set.
(f) 8Ps Fr (Frg (P)) = 8Ps CL(Fr,(P))

8Ps CL (Y = Fr(P)) < 6Ps CL(Fry(P)) € ¢ L (Fry(P)) =
Fr,(P) by (e), therefore 6Ps Fr(Fr,(P)) € Fr,(P).

Proposition 3.7.3.
P c QandInt,(Q) = @ then Fr,(P) € Fr,(Q) .
Let P be asubset of Y, then Y = Int,(P) U Ext,(P) U Fr,(P).
Proof. (a) Let P S Q and Int,(P) = 0.
Letp € Fr,(P) = Cl,(P) — Int,(P) gives,p € Cl,(P) <
Cl,(Q) = CL(Q) — Int,(Q) = Fry(Q) as Int,(Q) = @, finally
p € F1y(Q). So, Fr,(P) < Fr,(Q).
(b) Int,(P) U Ext,(P) U Fr,(P) =

Int,(P) Ulnt,(Y — P) U (Cl,(P) — Inty(P)) =
Int,(P) U (Y —Cl,(P)) UCly(P) = Y,by Proposition3.7.3
(a).
Hence, Y = Int,(P) U Ext,(P) U Fr,(P).

3.8. o-SATURATED
Definition 3.8.1. Let P be a subset of a topological space(Y, 1)
and o be an operation on 6PsO(Y), P is called p-saturated if

oCl({p}) € P, for every point p in P.
The family of p-saturated sets in (Y, ) is defined as o Sat(Y).

321



Shanmugapriya and Sivakamasundari / Science Journal of the University of Zakho, 11(3), 317— 322, July-September, 2023

Remark 3.8.2. In (Y,t)if P is saturated set Y —P is also a
saturated set. But if A € g Sat(Y) then (Y — P) need not to be
a o Sat(Y).

Proposition 3.8.3. Every p-closed set is a p-saturated set.
Proof. Let P be a o-closed set and let x € P ,then {p} S P =
oCl({pH} S oCl(P) =P, as P is a - closed set =
o CI({p})} € P> Pisap-saturated set.

The converse is not true. That is if P is g-saturated set then P is
need not to be p-closed set.

Example 3.8.4. Consider the spaceY = {p, q,r, s},
t={0Y {p}}and
8PO(Y) = {0,Y,{a}, {r} {s}. {a.r}.{a. s} {r.s}{ars}}.  An
operation @: 8PsO(Y) — P(Y) is defined as follows, for every
H € 8§Ps0(Y)

HQ:{CIH’, if e H

H, ifqe& H

Implies,o O(Y) = {9,Y,{r},{s},{q,r,s}}and
e C(Y) ={@,Y.{p}{p,q.r}{p.q, s}
e Sat(Y) = {@,Y,{p}, {p,a}. {p,q, 1}, {p, 9, s}}.
Here {p,q} € o Sat(Y) but {p, q} & o C(Y).
In conclusion, In this paper, some new classes of sets via -
open sets on an operation @ on 8Ps-open sets in topological
spaces such as closure, Closure,, limit points, derived sets,
neighbourhood, interior, exterior, boundary and frontier have
been defined. Moreover, some important properties based on
these sets have been investigated. In addition, a new class of set
via an operation o on 8Ps-open sets called saturated set have
been presented. Finally, some relationships among these classes
of sets have been obtained and some examples have been given.
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