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ABSTRACT

In this paper, we introduce new types of continuity in bitopological spaces called (i,j) — S¢ — continuous and
(i,j) — 0S¢ — continuous. We discuss the relationship between these types of continuity and other known types of

continuous functions.
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1. Introduction
In [Kelley, 1963] Kelley  was first
introduced the concept of bitopological

spaces, where X is a nonempty set and 7,, 7, are
topologies on X. Throughout this paper,
(X,14,T,) is a bitopological space, and if A € X,
then i—1Int(A) and i—CI(A) denote
respectively the interior and closure of A with
respect to the topology 7; on X.

A subset A of a space (X,7) is called preopen
[Mashhour, 1982] (resp., semi-open [Levine,
1963], regular open [Stone, 1937]) if AC
Int(ClL(A)) (resp., Ac<SCl(Int(A) , A=
Int(Cl(A))).

The complement of a preopen (resp., semi-open,
regular open) set is said to be preclosed (resp.,
semi-closed, regular closed).

The intersection of all preclosed (resp., semi —
closed) sets ofX containingA is called
preclosure [El-Deeb, 1983] (resp., semi — closure
[Crossely, 1971]).

The union of all preopen (resp., semi — open)
sets of X contained inA is called preinterior
(resp., semi - interior).

A subset A of a space X is called 8 — semi —
open [Joseph, 1980], if for eachx € A, there
exists a semi — open setG such thatx € G S
Cl(G) € A. A pointx € X is said to be in semi —
6 — closure [Di Maio, 1987] (resp., 8 — semi —
closure [Joseph, 1980]) of a subsetA of X
denoted by sClg(A) (resp.,6sCl(A)), ifAN
sCl(U) # @ (resp., AnCL(U) # @), for each
semi — open set U of X containing x. A subset A
of a space X is said to bed — semi closed,
if A = 0sCL(A).

In [Levine, 1963] Levine defined a function
f:X — Y to be semi — continuous if f~1(V) is
semi — open set in X for every opensetV of Y. A
function f: X — Y is said to be 8s — continuous
in sense of khalaf and Easif [Khalaf, 1999]
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(resp., RC- continuous [Dontchev, 1999]) if the
inverse image of each open subset of Y is 6 —
semi — open (resp., regular closed) inX. A
function f: X — Y is said to be 6 — irresolute in
sense of park and park [Park, 1995] (resp., 6 —
irresolute in sense of Kheder and Noiri [Kheder,
1986], weakly 6 — irresolute [Ganster, 1988]), if
for eachx € X and each semi—open setV of Y
containing f(x), there exists a semi—open set U
of X containingx such that f(sCL(U)) <
sCL(V) (resp., fF(CLU)) € CL(V), f(U) c
cLv)).

In [Joseph,1980] Joseph and Kwack
introduced a function f: X — Y to be (6,s) —
continuous, if for eachx € X and each semi —
open setV of Y containing f(x), there exists an
open set U of X containing x such that f(U) <
CL(V). A function f: X — Y is called R — map
[Carnahan, 1973], if the inverse image of each
regular open subset of Y is regular open in X. In
the present paper we introduce and investigate
the concept of (i,j) —Sc — continuous and
(i,j) — 6S; — continuous functions.

2. Preliminaries

We give the following definition and results
which are used in next sections.

Definition 2.1 A space X is regular if for
eachx € X and each open setG containing x,
there exists an open set H such thatx € H <
Cl(H) € G.

Definition 2.2 [Ganster, 1990] A space X is said
to be strongly s—regular space, if for each closed
setA and any pointx & X\A, there exists a
regular closed setF ofX such thatx € F
andFNA=0.

Definition 2.3 [Arya, 1982] A space X is said to
be s—Urysohn, if for each two distinct points x, y
in X, there exist two semi — open sets U,V such
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thatx e U,y eV,y¢ U andx ¢ V and CL(U) N
Ccl(V) = 9.

Definition 2.4 [Stone, 1937] A space X is said to
be extermally disconnected, if CL(G) is open for
every open set G of X.

Definition 2.5 [Hardi, 2012] A subsetA of a
bitopological space (X,t,,7,) is said to
be (i,j) — Sc — open, if A isj — semi — open and
for all x € A, there exist ani — closed set F such
thatx € F € A. A subset B of X is called (i,j) —
Sc — closed if and only if B¢ is (i,j) — S¢c —
open. The family of (i,j) —Sc — open (resp.,
(i,j) —Sc — closed) subset of X is denoted
by (i,§) — ScO(X) (resp., (i,j) — ScC(X)).
Theorem 2.6: Let A be a subset of a topological
space (X, 1), then:

1- If A€ S0(X), then pCIl(A) = CL(A).
[Dontchev, 2000]
2- IfA €1, then Clg(A) = CL(A).

[Velicko, 1986].

3- A€ PO(X) if and only if sCl(A) =
Int(CI(A)). [Jankovich, 1985].

4- IfA is open set in a spacelX,
then sCI(A) = Int(CL(A)). [Di Maio, 1987].
Theorem 2.7 [Hardi, 2012] A subsetA of a
bitopological space (X,14,73) is an (i,j) —S¢ —
open set if and only if for eachx € A, there
exists an (i,j) —Sc — open setB such that
x € BCA.

Theorem 2.8 [Hardi, 2012] Let (X,7,,7,) be a
bitopological space. If (X,t;) is aT; — space,
then (i,j) — Sc0(X) =j — SO(X).

Theorem 2.9 [Hardi, 2012] Let (X,7,,7,) be a
bitopological space. If (X, ;) is a regular space,
thent; € (i,/) — ScO(X).

Theorem 2.10 [Donchev, 19988] The
intersection of preopen set A and regular closed
set B is regular closed in the preopen set A.
Theorem 2.11[Hardi, 2012] Let Y be a subspace
of a bitopological space (X,7,,7,) andACY.
IfA € (i,j)—S-0(Y) andY € j—RC(X)Ni—
RC(X), then A € (i,j) — ScO(X).

Proposition 2.12 [Hardi, 2012] Let X;, X, be
two  bitopological spaces. IfA € (i,j)—

Sc0(X;) andB € (i,j) — S:0(X,), thenA x
B € (i,)) — Sc0(X; X X3).
3. (i,j) — S¢ — Continuous Function

Definition 3.1: A function f: (X, 14,75) —
(Y,0y,0,) is called (i,j) — S — continuous at a
pointx € X, if for eachj— openV ofY
containing f(x), there exists an (i,j) — S; —

open set U of X containing x such that f(U) <
V.

Iff is (i,j) —Sc— continuous at every
pointx of X, then it is called (i,j)—S¢—
continuous.

Proposition 3.2: A function f: (X, 74,7,) —
(Y,ay,0,) is (i,j) — S¢ — continuous if and only
if the inverse image of every j —open set inY is
an (i,j) —Sc —opensetinX.

Proof (—): Let f be an (i,j) — S — continuous
function and letV be anyj— open set inY.
If f~1(V) = ¢ implies f~1(V) is an  (i,j) —
Sc — open set inX, if f~1(V) # ¢ , then there
exists x € f~1(V) implies f(x) € V. Since f is
(i,j) —Sc— continuous, there exists an
(i,j) —Sc — open setU in X containing x such
that f(U) €V, this implies thatx eU <
f~Y(V). Therefore, by Theorem 2.7., f~1(V) is
(i,j) —Sc —opensetinX.

(«): LetV be anyj — open set inY , then by
hypothesis, f~1(V) is an (i,j) — S — open set
inX containingx and  f(f71(V)) V.
Therefore, f is (i,j) — S¢ — continuous.

It is evident that every (i,j) —S; — continuous

function isj — semi — continuous, but the
converse may not be true.
Example 3.3 LetX ={ab,c} , 1=

{X,{a}, ¢} and 7, ={X,{a,c}, 4} , then the
identity function f: (X, 1q,72) — (X, 74, 72) IS
j-semi-continuous but it is not (i,j) —S; —
continuous because {a, c} is not (i,j) — Sc-open
set.

Proposition 3.4: A function f: (X, 74,7,) —
(Y,04,0,) is called (i,j) — Sc — continuous if
and only f isj— semi — continuous and for
eachx € X and eachj— open setV ofY
containing f (x), there exists ani — closed set F
of X containing x such that f(F) € V.

Proof: (—): Let f be an (i, j) — S — continuous
and letx € X andV be anyj —open set of Y
containing f(x). By hypothesis, there exists an
(i,j) — Sc — open set U of X containing x such
that f(U) € V. Since, U is an (i,j) — S — open
set, then for eachx € U, there exists ani —
closed setF ofX such that xeFcU.
Therefore, we have f(F) €V and (i,j) — S¢ —
continuous always impliesj — semi -
continuous.

(«): LetV be any j — open set of Y, we have to
show that f~1(V) is an (i,j) — S — open set
inX. Since, f IS j —semi—continuous,
then f~1(V) isj— semi — open set inX.
Letx € f~1(V), then f(x) € V. By hypothesis
there exists an i — closed set F of X containing x

339



Journal of University of Zakho (JUOZ), Vol.1, (A) No.1, Pp. 338-348, 2013

such that f(F) € f~1(V). Therefore, f~1(V) is
an (i,j) —Sc— open set inX. Hence, by
Proposition 3.2, f is (i,j) — S¢ — continuous.

Proposition 3.5: For a function f: (X, t,,7,) =

(Y,0,,0,), the following statements are
equivalent:
1- fis (i,j) — S¢ — continuous.

2- (W) isan (i,j) — Sc — open set in X,
foreachj —opensetVinY.

3- f~Y(F) is an (i,j) —Sc — closed set
in X, foreachj — closed set F inY.

4- f(( ) = ScCl(A)) < j = CU(f(A),
for each subset A of X.

5>- (L)) = ScCl(f*B) c f(U —

C/F, for each subset Zof V.

6-  f(-mtB) < -
ScInt(f~(B)), for each subset B of Y.

- j=Int(f(A) € f((,)) — ScInt(4)),
for each subset A of X.

Proof: 1 = 2: Follows from Proposition 3.2.
2=3: LetF be anyj— closed set ofY.
ThenY — F isj — open in Y. By (2), f~3(Y —
F=X-/~1Fis an g ;~SC— open set in X
Hence, f~1(F) is (i,j) — S — closed inX.

3 = 4: Let A be any subset of X, then f(4) ©
j—CI(f(A) and j—CI(f(A)) isj— closed
set in¥. Hence 4 < £~ (j — CI(f(4))), by (3)
we have, f7! (j—Cl(f(A))) is an (i,j) —
Sc— closed set inX. Therefore, (i,j)—
SeCL(A) € f~1 (j - Cl(f(A))).

Therefore, f((i,)) — ScCL(A)) S j — CI(f(A)).
4 = 5: Let B be any subset of Y. Then f~1(B)
is a subset of X, by (4), we have, f((i,j) —
SCClF-1BS/- Clff-18=/-CIB. Hence,
(i,)) = ScCl(f(B)) € f(j — CL(B)).

5 = 6: LetB be any subset of Y. Then if we
apply (5) to Y — B, we obtain

(L,7) = ScCl(f (Y = B))

c f7(j - Cl(y - B))
if and only if (i,j) —ScCl(X — f~1(B))
f(Y = (j — Int(B)))
if and only if X — ((i,)) — ScInt(f*(B))) <
£l (Y — (- Int(B)))
if and only if f71(j—Imnt(B)) < (i,j) -
ScInt(f~(B)). Therefore,
f1( — nt(B)) € (i,j) — ScInt(F~1(B)).
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6 = 7: Let A be any subset of X. Then f(4) isa
subset of Y. By (6) we have, f! ( —
IntfACy j—SCintf/— 1A= j—SCIntA.

Therefore,
SC/ntA.
7 = 1: Letx € X and let V be any j — open set
of Y containing f(x). Thenx € f~1(V)
and f~1(V) is a subset of X, by (7), we have

j=mt(F(F ) e £ (G -
SC/nt/—1V. Then

j—Int(V) < f ((i,j) - Sclnt(f_l(V))).

Since V is j — open set, then

Ve (G- Scint(f~(v))), implies that
fV) € (i,)) — SeInt(f~1(V)).  Therefore,
f~Y(W) is an (i,j) — Sc — open set in X which
containing x and f(f‘l(V)) C V. Hence, f is
(i,j) — S¢c — continuous.

1- Proposition 3.6: If a
function f: (X, 74, 7,) = (Y,01,0%) is (i,)) —
S¢ — continuous, then (i,) — ScCL(f~*(V))
f1(j — Cly(V)), foreach j — opensetVinY.
Proof: LetV be anyj — open setinY. Suppose
thatx & f=1(j — Cla(V)), then f(x) & j —
Clg(V) , so there exists a j— open setG
containing f(x) such thatj—Cl(G)NV =¢
impliessGNV =¢. Sincef is (i,j)—Sc —
continuous, then there exists an (i,j) —S¢ —
open setU containingx such that f(U) < G.
Therefore, f(U) NV =¢andU n f~1(V) = ¢.
This  shows thatx & (i,j) — ScClL(fF~*(V)).
Hence

(L)) = ScCUf W) € £ — Cly()
Proposition 3.7: Let f: (X, 14,72) = (Y,04,0;)
be a function, and B be any basis foro; inY.
Then f is (i,j) — S¢c — continuous if and only if
for each B € B, f~1(B) is an (i,j) — S — open
subset of X.

Proof: (—): Suppose that f is (i,j) —S; —
continuous. Since B € § isj — open set inY
and f (i,j) —S,— continuous, then by
Proposition 3.2, f~(B) is (i,j) —Sc — open
subset of X.

(«): LetV be anyj— open subset ofY.
ThenV =U {B;:i € I}, where everyB; is a
member of § and is a suitable index set. It
follows that

frO)=f1u{Bgiel) =uf({B:i€
1}). Since, f~1(B;) is an (i,j) —Sc— open

j=Int(f(®) < f(G) -
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subset of X, for eachi € I. Then f~1(V) is a
union of a family of (i,j) — S — open sets of X.
Hence f~1(V) is (i,j) —Sc — open set of X.
Therefore, by Proposition 3.2, f is (i,j) —S¢ —
continuous.

Corollary 3.8: If a function f:(X,74,75) —
(Y,0q1,0,) isj— continuous and (X,t;) Is
regular space, then f is (i,j) — S¢ — continuous.
Proof: Follows from Theorem 2.9.

Proposition 3.9: Let f: (X,tq,72) = (Y, 04,0,)
be an (i,j) — S — continuous and Y is j — open
subset of a bitopological space Z, then f: X — Z
is (i,j) — S¢c — continuous.

Proof: LetV be anyj — open set inZ. Then,
V' NnYisj—opensetinY,since f: (X, t,,75) =
(Y,0q,0,) is (i,j)—Sc— continuous, by
Proposition 3.2, f~X(vny) is (i,j)—Sc—
open set inX. But f(x) € Y for eachx € X and
thus f~1(V) = f71(V nY) is an (i,j) — Sc —
open set inX. Therefore, by Proposition 3.2,
f:X - Zis (i,j) — S¢ — continuous.

4, (i,j) — S — Continuous Functions
Definition 4.1: A function f:(X,714,7,) —
(Y,04,0,) is called (i,j) — 6S; — continuous at
a pointx € X, if for j — semi — open setV of Y
containing f(x), there exists an (i,j) —S¢ —
open set U of X containing x such that f(U) <
j—Cl(V).

If f is (i,j) —6Sc, — continuous at every
pointx of X, then it is called (i,j)—60S;—
continuous.

Proposition 4.2: A function f: (X, 74,7,) —
(Y,0y,0,) is called (i, j) — 8S. — continuous if
and only if for each x € X and each j — regular
closed set F of Y containing f(x), there exists
an (i,j) —Sc — open set U of X containing x
such that f(U) S F.

Proof: (—): LetV be aj — semi —open setin?Y,
soj— Cl(V) =F isj— regular closed, then by
hypothesis, there exists an (i,j) — S — open
set U of X containingx such that f(U) € F =

Jj—ClL(V). Hence, f is (i,j) —0Sc —
continuous.
(«<):  Suppose thatf is (i,j)—6S;—

continuous, therefore for eachj— semi —
open setV ofY containing f (x), there exists
an (i,j) —Sc — open setU ofX containingx
such thatf(U) € j — CL(V), putF = j—CL(V)
which is aj— regular closed set this
completes the proof.

Proposition 4.3: A functionf: (X, t,,7,) —
(Y,04,00) is (i,j) — 6S; — continuous if and

only if the inverse image of every j —regular
closed setinY is(i,j) —Sc — open setinX.
Proof: (-): Letf be an (i,j) —continuous
function and letV be anyj — regular closed
set inY. Iff~Y(V) = ¢ impliesf~1(V) is an
(i,j)) —Sc — open set inX, if f7X(V)#¢ ,
then there existsx € f~1(V) impliesf(x) €
V. Sincef is(i,j) — 0S. — continuous, then by
Proposition 4.2, there exists an (i,j) —S¢ —
open setU inX  containingx  such
thatf(U)cj—Clv =V, this implies
thatx € U € f~Y(V). Therefore, by Theorem
2.7, Y(V) is(i,j) — Sc — open setinX.

(«): LetV be anyj — regular closed set inY ,
then by hypothesis, f~*(V) isan (i,j) — S¢c —
open set inX containingx and f(f~1(V)) ¢
j—ClV. Therefore f is (i,j)—60Sc—
continuous.

The functions (i,j) — S — continuous and
(i,j) — S¢ — continuous are incomparable as
it is shown in the following examples:
Example 4.4: Let = {a,b,c} , t; = {X,{a}, 4}
and 1, ={X,{b,c},#} , then the Iidentity
function fi(X,11,72) — (X,74,7T3) is
(i,j) — 0Sc; —continuous but it is not
(i,j) — S¢ — continuous because {a,c} is not
(i,j) — Sc-open set.

Example 4.5: Let ={a,b,c,d} , 1=
{X' {a}' {b}' {a' b}' {a' c d}' ¢} and T2 =
{X,{a},{b},{a, b}, {a,b,c}, #}, then we define a
function f: (X, t1,7,) — (X,14,72) as follows:
f@=f()=bf(b)=aandf(d)=d , so
f is (i,j) — S¢ —continuous but it is not
(i,j) — 6S; — continuous because{a, c,d} is j-
regular closed set but its inverse is {a,d}
which is not (i, j) — Sc-open.

Proposition 4.6: A functionf:(X,1,,7,) —
(Y,04,0,) is (i,j) — 6S; — continuous if and
only if for eachx € X and each and
eachj—0 — semi — open setV ofY
containing f (x), there exists an (i,j) — S¢ —
open setU  ofX  containingx  such
thatf(U) < V.

Proof: (=): Letx € X andV be anyj — semi—
open set ofY containingf(x), soj— CL(V)
isj — 60 — semi — open ofY containing f(x).
By hypothesis, there exists an (i,j) — S¢ —
open setU ofX  containingx  such
thatf(U) € j— Cl(V). This shows thatf is
(i,j) — 6S; — continuous.

0S¢ —

(«): Follows from the fact that j— Cl(V) €
Jj—0S0(X), foreachV € j — SO(X).
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Proposition 4.7: For a function f: (X,74,7,) =
(Y,04,0,), the following statements are
equivalent:

f is(i,j) — 8Sc — continuous.

For eachx € X and each j — semi— open setV
ofY containing f (x), there exists
an(i,j) —S¢ — open setU inX containingx
such that f(U) € j— CL(V).

For eachx € X and each j — semi— open setV
ofY containing f (x), there exists
an(i,j) —S¢ — open setU inX containingx
such thatf(U) < j — pCL(V).

For eachx € X and eachj— regular closed
setF ofY containingf(x), there exists an
(i,j) — Sc — open setU inX containingx such
thatf(U) € F.

For eachx € X and eachj — 0 — semi— open
setV ofY containingf(x), there exists
an(i,j) —S¢ — open setU inX containingx
such thatf(U) € V.

Proof:1 = 2: Obvious.

2=3: Sincej—Cl(V)=j—pClL(V), for
each j —semi- open setV ofY

3=4: Sincej—Cl(V)E€j—RC(Y), for
everyj — semi— open setV ofY .

4 = 5: Letx € X andV be anyj— 0 — semi—
open set ofY containingf(x). Then for
each f(x) €V, there existsj — regular closed
setF containing f (x) such thatF < V. By (4),
there exists an(i,j) —Sc; — open setU inX
containingx such thatf(U) € F € V. This
completes the proof.

5 = 1: /tis proved in Proposition 4.6.
Proposition 4.8: Letf: (X, t1,172) = (Y,0y,0;)
be aj — weakly8 — irresolute function and
for eachx € X and eachj— 6 — semi — open
setV ofY containing f (x), there exists an i —

closed setF inX containingX  such
thatf(F)cV, then f is(i,j) —0Sc —
continuous.

Proof: LetV be any j — 0 — semi — open set
ofY. To show f~Y(V) is an (i,j) — Sc — open
set inX. Sincef Is j — weakly 0 — irresolute,
then f~Y(V) isj— semi — open set inX.
Letx € f~Y(V) implies f(x) € V. By
hypothesis, there exists an i — closed setF
ofX containingx such thatf(F) € V. This
implies thatx € F € f~1(V).
Therefore, f~1(V) is an (i,j) — Sc — open set
inX andf(f_l(V)) C V. By Proposition 4.6,
fis(i,j) — 8S; — continuous.

Proposition 4.9: For a function f: (X, 11,T,) =
(Y,04,00), the following statements are
equivalent:
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f is(i,j) — 8S¢ — continuous.

fAG—clV)) is an (i,j) —Sc —open set
inX, for eachj — semi— open setV inY.

f72( — Int(F)) is an (i,j) — S¢ — closed set
inX, for eachj — semi— closed setF inY.
f~YWV) is an (i,j) — S¢ — closed set inX, for
eachj — regular closed setV ofY.

fY(F) is an (i,j) — Sc — open set inX, for
each j — regular closed set F ofY .

f~Y(V) is an (i,j) — Sc — open set inX, for
eachj — 0 — semi— open setV ofY.

fY(F) is an (i,j) — Sc — closed set inX, for
eachj — 0 — semi— closed setF ofY.

F((,)) — ScCl(A) € j — 8sCL(f(A)), for each
subset A of X.

(i,)) = ScCl(f~1(B)) < f~*(j — 0sCU(B)), for
each subsetB ofY .

f72( — 8sint(B)) < (i,j) — ScInt(F~1(B)),
for each subset B ofY .

j—0sint(f(A)) € f((i,j) — ScInt(4)),  for
each subset A of X.

Proof: 1 = 2: LetV be anyj — semi — open
set inY and letx € f71(j — CL(V)).
Thenf(x) € j—CL(V) andj—Cl(V) isj—
regular closed set inY. Sincef is (i,j) —
0S¢ — continuous, then by Proposition 4.3,
there exists an (i,j) —S; — open setU ofX
containingx  such thatf(U) < j— Cl(V),
implies thatx € U € f~1(j — CL(V)).
Therefore, by Theorem 2.7, f~(j — CL(V)) is
an(i,j) —Sc — opensetinX.

2 = 3: LetF bej— semi — closed set inY,
thenY — F isj — semi— open set inY. By (2),
f72( — Cl(Y — F)) isan (i,j) — S¢ — open set
inX andf=1(j - cl(y = F)) = f (¥ -
J-IntF=X-/—1/-/ntF is an ;, ]~ SC— open set
inX. Hence, f~(j — Int(F)) isan (i,j) — S¢ —
closed setinX.

3= 4: LetV be anyj— regular open inY,
thenV isj— semi — closed inY andj—
Int(V) =V. By (3),f(j — Int(V)) = f (V)
isan(i,j) — S¢ — closed setinX.

4 = 5: LetF be anyj— regular closed set
ofY, thenY — F isj — regular open set ofY.
By (4), f~Y(Y = F) is an (i,j) — Sc — closed
setinX and

f~Y(Y —F)=X—f~Y(F). Therefore f~1(F)
isan(i,j) —S; — open setinX.
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5= 6: This follows from the fact that
any 8 — semi— open set is a union of regular
closed sets.

6 = 7: Similar to the proofof 4 = 5.

7 = 8: LetA be any subset ofX andy & j —
GsCl(f(A)). Then there exists V € j — SO(Y)
containingy such thatf(A)nj—ClL(V) = ¢.
Since,

j—Cl(V) isj—6— semi — open set
sof~Y(j— Cl(V)) is an (i,j) — Sc — open set
inX andAn f71(j — CL(V)) = ¢. Therefore,
(i,)) = ScClA) N f~2(j — CL(V)) = ¢ and
f(G) = ScCLlA)) nj—CLV) = ¢.
Consequently, we obtain
y & f((i,)) = ScCl(A)).
SCCIAS)—BsClfA.

8 = 9: Let B be any subset ofY. Then f ~1(B)
is a subset ofX. By (8),

f (G =Scci(r~2(®)) <
j=0sCL(f(f71(B))) = j — OCI(B).
(i,)) = ScCl(f~2(B)) €

f((l']) -

Hence,

Therefore,

72 — 6sCl(B)).
9 = 10: Let B be any subset ofY, thenY — B
also subset ofY. By (9),

(i,7) = ScCl(f (Y = B))
c f~1(j — 6sCi(Y — B))
& (i,)) = ScCl(Xx — f~1(B))
c f~I(Y — (j — 8sInt(B)))
= X = () = Scnt(F~1(8)))
c X —f7(j — OsInt(B))
& f71(j - 6sInt(B)) <
(i, /) = ScInt(f~1(B)).
Therefore, f71( — 6sint(B)) < (i,)) —
ScInt(f~1(B)).
10 = 11: Let A be a subset of X, then f(A) is
a subset ofY. By (10),
£ (j - bsint(F(4))) €
(i.)) = ScInt (f7(F())) = (0.)) = ScInt(A).
j—0sint(f(A) c F(G) -

Therefore,
SCIntA.

11 = 1: Letx € X andV be anyj— semi —
open set ofY containing f(x), then
x € f1(G—Cl(V)) and f~1(j —Cl(V)) is a

subset ofX. By (11),
j = ostne (£ (£ - 1)) €

f ((i, ) =Scint (£2(j - Cl(V)))). Then,

j—0sint(j — ClL(V)) =j—ClV) €
£ = Selnt (£ - 1))

S0.j = CUV) € f () = Sene (£ -
ClV, implies that

£ = CUV)) € (i) = Sclnt (F71( -
ClV. Therefore,

f2( —ClV)) is an (i,j) —Sc — open set
inX which containx and
f(F2( — Clv))) € j— CUW). Hencef is
(i,j) — 6S; — continuous.

Proposition 4.10: For a
function f: (X,11,75) = (Y, 04,0,), the
following statements are equivalent:

f is(i,j) — 8S; — continuous.

@) = SscCl(fw) s (-

Intj—ClV, for each j— preopen set V of V.

£ (j = ci(j - me(F))) < (@) -
ScInt(f~(F)), for eachj— preclosed setF
ofY.

Proof: 1 = 2: LetV be anyj — preopen set
nY, thenV < j — Int(j — CL(V)) and
j— Int(j — Cl(V)) isj — regular open setinY.
Sincef is (i,j) — 0SS, — continuous, then by
49 part (%), f(j-
Intj—ClVis an 4, j—SC— closed setin X.

Proposition

Hence, we obtain (i,j) — ScCl(f~*(V))

(= me(j - civy)).
2 = 3: LetF be anyj — preclosed set in Y,
thenY — F isj—preopen ofY and by (2)

(@) = ScCl(f (= P) € £ (j -
Inty-ClV-F

Ifand only if X — ((i,j) — Sclnt(f‘l(F))) c
f (Y —(j-c- Int(F))))
Ifand only if X — ((i, hE Sclnt(f—l(F))) c

X =71 (j - 1 — nt(P)))
Therefore, 1 (j —-Cl(j - Int(F))) c (i,))—
ScInt(f~H(F)).
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3 = 1: LetV be anyj — regular open set ofY .
ThenX —V isj— preclosed set ofY, by (3),

(- cag - mex -n)) e
(i,)) = ScInt(F (X = V)

@) = ScCl(f* ) e (-
Intj—-ClV=/=1V. Therefore, /—1V is i, j-SC—

closed set inX. So by Proposition 4.8 part
(4), f is(i,j) — 6S¢ — continuous.

we have

if and only if

Corollary 4.10: For a function f: (X,t,,7T,) =
(Y,04,0,), the following statements are
equivalent:

f is(i,j) — 6S; — continuous.

(i,)) = ScCU(fX(W)  f1(j — sCUV)), for
each j — preopen setV ofY.

710 = sint(F)) € (i, j) = ScInt(f 1 (F)),
for eachj — preclosed setF ofY.

Proof: Follows from Proposition 4.9 and the
fact that j —sCl(V) = j — Int(j — CL(V)), for
each j— preopen setV ofY. [Jankovich,
1985].

Proposition 4.11: A functionf:(X,t,,7,) =
(Y,04,0,) is (i,j) — 6S; — continuous if and

iff (V) € () = Seint (£ -
ClV, for each j/~— semi— open set Vin ¥.

only

Proof: (=): LetV be anyj— semi— open set
inY. ThenV < j — ClU(V) and

Jj— CU(V) isj — regular closed setinY . Since f
is (i,j) — 6S; — continuous, so by Proposition
4.8 part (5), f~2(j — Cl(V)) is an (i,j) — S¢c —
open set inX. Hence, f~Y(V)cf (j—
V=i j-SClntf-1/-ClV.

(«): LetV be anyj — regular closed set inY,
thenV isj— semi — open set ofY. By
hypothesis, we have

f7AW) € ) = Selnt (£71(j — €Ln))) =

(i, )) = Scint(f (V).

Therefore, f~1(V) is an (i,j) — Sc — open set
inX. Hence by Proposition 4.8 f is
(i,j) — 6Sc — continuous.

From Proposition 4.11 and Theorem 2.6, we
get the following corollaries:

Corollary 4.12: A functionf:(X,t,,7,) =
(Y,04,0,) is (i,j) — 6S; — continuous if and

iff V) € ) = Selnt (£ -
pCly, for each j— semi— open set V of ¥.

only

Corollary 4.13: A functionf:(X,t,,7,) =
(Y,04,0,) is (i,j) — 6S; — continuous if and
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only if (i,j) — ScCl (f—l(j - Int(F))) =
f~Y(F), for eachj — semi— closed setF ofY.

Corollary 4.15: A functionf:(X,t1,7,) =
(Y,01,0,) is (i,j) — 6Sc — continuous if and

only if (i,j)—ScCl (f‘l(j — pInt(F))) c
f~Y(F), for each j — semi— closed setF ofY.

Proposition 4.16: If a function f: (X,14,7,) =
(Y,0q,0,) is (i,j)—60Sc— continuous,

then f~X(V) € (i,j) — ScInt <f‘1 (j -
/ntj—ClV, for each j— preopen set V of V.

Proof: LetV be anyj— preopen set inY,
thenV < j — Int(j — CL(V)) and  j-—
Int(j — Cl(V)) isj — regular open set inY.
Sincef is (i,j) — 0S; — continuous, then by
48 Part (4, f(j-
Intj—=ClV is an I j-SC— open set in K.
Therefore,

fAW) € f7H(j = Int(j — CL)) = ) -
Scint (f—l (j - me(j - cz(V)))).

From Proposition 4.16 and Theorem 2.6, we
obtain the following corollaries:

Corollary 4.17: If a functionf:(X,t1,7,) =
(Y,04,0,) is (i,j) —60S; — continuous, then
£ = c1( = me(Py)) € (i) -

ScInt (f~Y(F)), for eachj— preclosed setF
ofY.

Corollary 4.18: If a functionf:(X,t1,7,) =
(Y,04,0,) is (i,j) —0Sc — continuous, then
f0 = snt(F)) € (i,)) = ScInt (f 7 (F)),
for each j — preclosed setF ofY.

Proposition 4.19: A function f:(X,t,,7,) =
(Y,04,0,) is not (i,j) — 0S; — continuous at
the pointx ofX if and only if x € (i,j) —
SCBd(f‘l(F)) for some j— regular closed
subsets F ofY containing f (x).

Proof:(=): Iff is not (i,j)—6S;—
continuous atx € X, then there exists aj —
regular closed setF containing f (x) such that
for every (i,j)—Sc— open setU ofX
containingx, f(U) N (Y — F) # ¢. This means
that for every (i,j) —Sc — open setU ofX
containingx, we have U n (X — f~1(F)) # ¢.
Hence, it follows thatx € (i,j) — SCCZ(X —
J—1F, but x€/~1F and hence x€i
J=SCcCclf—1F. This means that x€i
-SCBAf-1F.

Proposition
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(<): Suppose thatx € (i,j) — ScBd(f~'(F))
for some j — regular closed subsets F ofY
containing f (x). If f is (i,j)—6S;—
continuous atx. Then by Proposition 4.8,
there exists an (i,j) —Sc — open set U ofX
containing x such that f(U) cSF.
ThenU C f~Y(F). This shows thatx € (i) —
ScInt(f~H(F)). Therefore,  x & (i,j) —
ScBd(f~(F)) which is contradiction. Hence,
f isnot(i,j) — 8S. — continuous.

Corollary 4.20: If (X,t;) isa T; — space, then
the following properties are equivalent for a
function f: (X,74,7,) = (Y, 01,07).

f is (i,j)—0Sc— continuous
(i,j) — S¢ — continuous).

f isj — weakly 8 — irresolute (resp., j — semi
— continuous).

Proof: Follows from Theorem 2.9.

Proposition 4.21: Let (X ) aj) be an extermally
disconnected space, (X,t;) be a Ty — space,
and f:(X,71,73) » (Y,015,005) Isj — semi —
continuous, then f is  (i,j)—6S; —
continuous.

Proof: LetF be anyj — regular closed set ofY .
Since (Y, aj) is extermally disconnected,
soF € j —RO(Y) and by hypothesis, f~*(F)
isj — semi— open set ofX. Since (X, t;) isT; —
space, thenf~1(F) is (i,j) —Sc — open, by
Proposition 4.8 part (5),f is (i,j) —0S; —
continuous.

Proposition  4.22: Let f:(X,14,7T) =
(Y,04,0,) be an (i,j)—0S;— continuous
function andY isj— preopen subset of a
bitopological spaceZ, thenf:X -7 Iis
(i,j) — 6S; — continuous.

Proof: LetV be anyj — regular closed subset
ofZ. SinceY isj— preopen set then by
Theorem 2.11V NY isj— regular closed set
inY. Since f:(X,14,73) = (Y,00,0,) s
(i,j) — 6S; — continuous, then by Proposition
4.8, f~Y(vnY) is an (i,j) — S — open set
inX. Butf(x)€Y for eachx €X, thus
fYWV) =YW nY) is an (i,j) — Sc — open
set inX. Therefore, by Proposition 4.8,
f:X - Zis(i,j) — 68S; — continuous.
Proposition 4.23: A function f:(X,14,7;) =
(Y,04,0,) is (i,j) —Sc — continuous (resp.,
(i,j) — 60S; — continuous), if for eachx € X,
there exists ani— regular closed andj —
regular closed setA ofX containingx such
thatflA:A—-Y is (i,j)—Sc— continuous
(resp., (i,j) — 0S¢ — continuous).

(resp.,

Proof: Letx € X, then by hypothesis there
exists a subsetA ofX which is both i—
regular closed andj— regular closed set
containingx  such that f|A:A->Y s
(i,j) — Sc — continuous (resp., (i,j) — 0S¢ —
continuous).

LetV be anyj — open (resp., j — semi— open)
set ofY containingf(x), there exists an
(i,j) —Sc — open setU in A containing x such
that (f|A)U) €V (resp, (fIAWU) € ) -
ClL(V)). Since A is i — regular closed andj —
regular closed set, then by
Theorem 2.11, U is (i,j) — Sc — open set inX.
Hence f(U) SV  (resp,f(U) S j—CIL(V)).
This shows thatf is (i,j) —S¢c — continuous
(resp., (i,j) — 6S; — continuous).

Proposition 4.24: IfX = AU B, where A and B
are both i — regular closed andj— regular
closed sets and f:(X,711,7,) = (Y,01,0,) is a
function such that bothf|A andf|B are
(i,j) — S¢ — continuous (resp., (i,j) — 0S¢ —
continuous), then f is (i,j) — S¢ — continuous
(resp., (i,j) — 6S¢ — continuous).

Proof: LetV be anyj— open (resp,j—
regular closed) set ofY. Then

f1W) = (F1ATT (V) U (fIB)~H(V), since f|A
andf|B are (i,j) —S¢c — continuous (resp.,
(i,j) — 0S; — continuous), then by
Proposition 3.2 (resp, Proposition 4.8),
(fIA'(V) and (f|B)~*(V) are (i,j) —Sc —
open sets IinA andB  respectively.
SinceA,B €i — RC(X) nj— RC(X), then by
Theorem 2.11, (f|A)~Y(V) and (f|B)~1(V)
are (i,j) —Sc— open sets inX. Since the
union of two (i,j)—Sc— open sets is
(i,j)—Sc—  open. Hencef *(V) is
(i,j) —Sc — open set inX. Therefore by
Proposition 3.2 (resp., Proposition 4.8), f is
(i,j) — Sc — continuous (resp., (i,j)— 6Sc —
continuous).
Proposition
(Y,04,0,) and
g:(Y,0y,0,) = (Z,n1,m2) be functions. Then
the composition function

gof:X - Z is (i,j) —Sc — continuous, iff
andg satisfies one of the following
conditions:

f is (i,j) —Sc— continuous andg isj—
continuous.

4.25:  Let f:(X,1,Tp) —

f is (i,j)—0S.— continuous andg
isj — 0s — continuous.
f is (i,j)—60S;— continuous andg

Isj — RC — continuous.

345



Journal of University of Zakho (JUOZ), Vol.1, (A) No.1, Pp. 338-348, 2013

Proof: 1) LetW be anyj — open subset ofZ.
Sinceg isj— continuous, sog (W) isj—
open subset ofY. Since f is (i,j)—Sc—
continuous, then by Proposition 3.2,
(go)*W) = f~H(g™* W) is (i,)) = Sc —
open subset inX. Therefore, by Proposition
3.2, gof is(i,j) — S¢ — continuous.

2) LetW be anyj — open subset of Z. Since, g
is j — 0s — continuous, sog~*(W) isj — 0 —
semi — open subset ofY. Sincef is
(i,j) — 8S¢c — continuous, then by Proposition
4.8 part (6), (gof)"*(W) = f~Y (g™ (W)) is
(i,j) —Sc — open subset inX. Therefore, by
Proposition 4.8, gof is (i,j)—S¢ —
continuous.

3) LetW be anyj — open subset of Z. Since, g
is j— RC — continuous, sog (W) isj—
regular closed subset ofY. Since [ is
(i,j) — 6S; — continuous, then by Proposition

4.8 part (5), (gof)T (W) = f~Y(g~t(W)) is

(i,j) —Sc — open subset inX. Therefore,
by Proposition 4.8 gof is (i,j)—S¢c—
continuous.

Proposition  4.26: Let f:(X,14,7,) =

(Y' 01, 0-2) and g: (Yr 01, 02) - (Z' N1, 772) be
two functions. Then the composition function
gof:X -7 is (i,j) — 0S; — continuous, iff

andg satisfies one of the following
conditions:
f is (i,j)—Sc—  continuous andg

isj — (0,s) — continuous.

f is(i,j) — 0S; — continuous and g isj — 0 —
irresolute.

f is(i,j) — 6S; — continuous and g isj — R —

Map.

Proof:

LetW be anyj — regular closed subset ofZ.
Since g isj—(0,s) — continuous,

then g=*(W) isj — open subset ofY. Since f
is (i,j)—Sc—  continuous, then by
Proposition 3.2, (gof)"*(W) = f~*(g7*(W))
is (i,j) — S¢ — open subset in X. Therefore, by
Proposition 4.8, gof is (i,j) —0S; —
continuous.

LetW be anyj — regular closed subset ofZ.
Sinceg is j— 0 — irresolute, theng=1(W)
isj — 0 — semi — open subset ofY. Sincef is
(i,j) — 6S; — continuous, then by Proposition
4.8 part (6), (gof)*(W) = f~(g7*(W)) is
(i,j) — Sc — open subset inX. Therefore, gof
is(i,j) — 8S¢ — continuous.

LetW be anyj — regular closed subset inZ.
Sinceg is j — R — Map, theng™*(W) is j —
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regular closed inY. Sincef is (i,j) — 0S¢ —
continuous, then by Proposition 4.8,
(gof)TtW) =f~Y(g™* W) is (i.j) =S¢ —
open subset inX. Therefore, gof Is
(i,j) — 6S; — continuous.

Proposition 4.27: If f:(X,11,75) = (Y, 04, 05)
is (i,j) —6S; — continuous ana’(Y,aj) s
strongly s— regular space, thenf is
(i,j) — S¢ — continuous.

Proof: Letx € X and letV be anyj — open set
inY containing f (x). The strongly s — regular
ofY gives that there exists aj— regular
closed subsetF ofY such thatf(x) EF CY.
Sincef is (i,j) — 0S¢ — continuous, then by
Proposition 4.2, there exists an (i,j) — S¢ —
open setU ofX  containingx  such
thatf(UyS FcV. Therefore, f is
(i,j) — S¢ — continuous.

Proposition 4.28: If f: (X,11,75) = (Y, 04, 05)
is (i,j) —0Sc—  continuous  injection
and(Y,o;) iss —Urysohn space, then (X, ;) is
semi— Hausdorffand (X, t;) is T1 space.
Proof: Sincef is injective, it follows
thatf(x,) # f(x,), for any two distinct
pointx, andx,. Since, (Y, crj) iss — Urysohn
space, then there existj — semi— open setsV;
andV, ofY such thatf(x,) €Vy, f(xy) €V,
andj—Cl(V,))nj—Cl(V,)=¢. Sincef is
(i,j) — 6S; — continuous, then there exist

an(i,j) — S, — open setsU; andU, ofX
containingx, andx, respectively, such
thatf(U;) € j — Cl(Vy) andf(Uy) € j—
CL(Vy).

Hence, Uy NU, = ¢. SinceU; andU, are
(i,j) — Sc — open sets, then U; andU, arej —
semi — open sets. Therefore, (X , Tj) is semi —
Hausdorff . Also there exist two disjoint
i —closed sets F, and F, containing x, and x,
. Hence (X,t;) is T1 space.

Proposition 4.29: Iff;:X; - Y; is (i,j) —S¢ —
continuous (resp., (i,j) — 6S; — continuous)
functions, fori = 1,2. Letf:X; X X, - Y; XY,
be a function defined as follows: f (x1,%;) =
(f1(x1):f2(x2))- Thenf is (i,j)—Sc—
continuous (resp., (i,j) — 0S. — continuous).
Proof: LetR{ X R, €Y, XY,, whereR; isj—
open (resp, j—regular closed) sets inY;,
fori =1,2. Then f~Y(R; X Ry) = f~1(R;) X
f~Y(Ry). Sincef; is (i,j) — S —continuous
(resp., (i,j) — S — continuous), fori = 1,2,
then by Proposition 3.2 (resp., Proposition
4.8) and Proposition 2.13 f~Y(R; X R,) is an
(i,j) —Sc — open set inX; X X,. Now, ifR is
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anyj — open (resp., j — regular closed) subset
ofY; xY,, thenf *(R)=f"Y(UR,), where
UR, is of the form Ry X R,,. Therefore,
fHR)=Uf (Ry) is an (i,j) —Sc — open
setinX, X X,. Which completes the proof,
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