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Abstract:

Due to its simplicity and numerical efficiency, the Barzilai and Borwein (BB) gradient method has
received numerous attentions in different scientific fields. In this paper, the sufficient condition for
convergence of the BB method when the coefficient matrix of linear algebraic equations is slightly
unsymmetric with positive definite symmetric part is presented.
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1. Introduction

A significant development that has completely changed our perspectives on the effectiveness of
gradient methods is due to Barzilai and Borwein ( Barzilai andBorwein, 1988). They proposed two
choices of step size the gradient method. The computational cost and typical behaviour of the
algorithm for both choices of step size are quite similar. Their method aimed to accelerate the
convergence of the steepest descent (SD) method.

The main idea of Barzilai and Borwein’s approach is to use the information in the previous
iteration to decide the step size in the current iteration. The Barzilai-Borwein (BB) method requires
few storage locations and inexpensive computations. Therefore, several authors have paid attention to
the BB method. Their method is strongly related to Quasi-Newton (QN) algorithms (Dennis and
Schnabel, 1983) and (Fletcher, 2000).

It is known that the (BB) method ( Barzilai andBorwein, 1988) converge when this method is
applied to solve linear systems of the form

Ax =b,

where 4 is symmetric and positive definite. For some finite difference discretizations of elliptic
problems, one gets positive definite matrices that are almost symmetric. Practically, the BB method
works for these matrices. However, the convergence of this method is not guaranteed theoretically.

For quadratics that the BB method has been shown to converge (Raydan. ,1993) and its
convergence is R-linear (Dai and Liao, 2002). For the case of n = 2, the method is R-superlinearly
convergent ( Barzilai andBorwein, 1988). For more details on the Barzilai and Borwein method see
(Raydan, 1991) and (Dai and R. Fletcher, 2005). The BB algorithm for quadratic case is summarized
in Algorithm 1.

Algorithm 1 Barzilai and Borwein (BB)

. . . (9o, 90) (Ago, 9o)
1 G € R™, ch bit > 0, fi t = = = ==
iven X, , choose arbitrary y, , for instance, y, = 7 "=~ (or yi (Ago,Ago))
2. For k=0, 1, 2, ...(until convergence) do
3. go = Axo - b
4 Xpy1 = Xk — Y9k
S. Gk+1 ? Ik — Vk)Agk “ )
6. — Gk-1,9k-1 — k-1, k-1
Yk (Gk-1,Agk-1) (or ¥i (Agk-1,AGk-1) )
7. End for

This paper presents the proof of convergence of the BB method when the Euclidian norm (12) of
the unsymmetric part of a positive definite matrix is less than some value related to the smallest and
the largest eigenvalues of the symmetric part of the given matrix. This means that the restriction of A
be symmetric is removed, and required only that its symmetric part (A + AT)/2 be positive definite.
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Let us begin with some notations:

1- The Euclidean inner product of any two vectors u, v € R™ is defined by
(u,v) = uTv,
and the induced Euclidean norm (or 2-norm) of u is

Jull = Vo,

2- Let A be an n x n matrix and the associated matrix norm is given by

A = Supjy)=; [|Aul.

It is known that A can be represented as

A=A¢tA,,

where A, and A;the symmetric and skew-symmetric of a matrix 4, i.e.
Ay=(A+A4AT)/2, A, =(A-A4T)/2.

4- Let A be positive definite, then the symmetric part A, is also positive definite. Hence A
and A, are invertible and the eigenvalues of A, are all positive real numbers. If
Amins---»Amax are the eigenvalues of A, such that
0< Amin <..< Amax
then A%, ..., Ak, are the eigenvalues of Ayt.

5- The condition number of A is defined to be
p= 40l |45 ||

Since 4, is symmetric,
p=2me>q

6- The Rayleigh-quotient of any vector u € R™with respect to A is defined by
W = (u, Au)
r(u) = |

The lemmas that will be used frequently in the proof of the main theorem are follows:

Lemmal. For any vector u,
Amin ”u”Z < (u: Aou) < Amax”ullz-

Proof. For a symmetric matrix positive definite matrix A,, the Rayleigh quotients are bounded by the
smallest and the largest eigenvalues of the matrix. Thus, the following relation holds for any u
(u, A
min = Ozu ) = ‘Ymax-
(|

Hence the proof is complete.

Lemma 2. For any vector u,
Tt |ull® < G A5mw) < Ak Ju]”

Proof. Similar to proof Lemma 1.

Lemma 3. For any vector u,
(u, Au) = (w,Agu) and (u,Au) =0

Proof. We have
(u, Au) = (u, Agu) + (u, Aju)
Since u” A, u is a real number,
uTAju = (u” Auw)T =uTATu=-uTA4u.
Therefore (u, A;u) =0 and (u, Au) = (u, Agu).

Lemma 4 (Cauchy-Schwarz inequality for a positive definite matrix).
If Ay is a positive definite matrix, then for any u and v

[(u, Agv)| < \/(u,Aou) (v, Ayv).
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2. Convergence of the BB Method
In this section, the proof of convergence of the BB method applied to the slightly unsymmetric

linear system Ax = b with the positive definite symmetric part is given.

Theorem 1. If

”Alll < Amin\/ p_l (_1 + vV 1+ p_l) 5

then the BB method, defined by
r+1 = Ik — YAk (2.1)

where
(Gk-1,Gk-1) (AGk-1, Gk-1)
= —— = 2.2
Vi = (Gr-1,Agk-1)’ (or ¥ = (Agk-1,AGk-1) (2.2)
converges.

Proof. Using (2.1), (2.2), Lemma (3), Lemma (1) and since y; is the Rayleigh quotient of the
symmetric positive definite matrix Ay (i.e. 0 < Anin < Vi < Amax for all k), we have
(9> A5 91) = (Gr-1— VicAGk-1, A5" Gk—1 — ViAo "Agk-1)
= (gr-1, Ao Grk-1) = 2Vi(AGk-1, A3" Gr-1) + Vie(Agr—1,A5" Agi-1)
= (Gk-1, Av" Gr-1) = 2¥k[(Gk-1,9k-1) + (A19k-1, AG" Gi—1)]
+Vi[(Agk-1,Gk-1) + (Agk-1,A5" A1gk-1)]
= (Gk-1,40" Ik-1) = Yi(Gr—1,Gk-1) — 2Vi(A1Gk-1,A0" Gr-1)
+Vi (Agi-1,45"A1Gk-1)
= (gi,Ao" 9i) — Vi (k> 9K) — 2vk(A19k , A5 gx)

+v£ gk, A191) + (A19k, Ag A19))] (2.3)
= (Gk-1,45" Ik-1) = Vi (Gr-1 rgk—l) — 2¥k(A19k-1,45" Gr-1)
+Vk (A19k- 1'145 A19k-1)- 2.4)

Assurmng 8 == ||A;ll and cx_1 == (gx—1,45" gx—1) for any k, using Lemma 2 and since AL, <
Yk < A5, , we obtain
Vi (Gk-19k-1) = Amax Amin Ck-1 = P~ Ch-1 - (2.5)
By using Lemma 2 twice, we have
|(A19k—1 'A0_1A1gk 1)| = Agzlin”Algk—l 1> < /1m1m§2||9k—1||2
< ZninS? Amax (Ge-1, 40" Gie-1) < P8 Ciey - (2.6)
Using Lemma 4, we get

|A19k-1, A" gr—1| < \/(Algk—l JAG A1 g-1)Cre1 =[P BC_1 . (2.7
From (2.3) to (2.7) and utilizing Lemma 3,
Ck < kot = P12 [P SCho1 + AP 8 ci s
= Cg- 1(1 P + 2/17_nm\/_ 5+ AmmpSZ) .
For the purpose of convergence, we need
1—p™t + 225000 [P 8 + Anlnpd? < 1,
2’11_nm\/_6 + ’1111111.062 - p_l <0,
multiplying by A2,;,, p~1, we have
82 + 2dmin /P18 — Dyp 2 < 0.
This satisfies when

§ < = AP~ +\//1mmp_1 + Byinp™? = Aiilp L (—1+T+p70).
This completes the proof. [

3. Numerical Experiments
In this section, two numerical experiments are presented to show the rate of convergence of the

Barzilai-Borwein (BB) algorithm for solving the linear system of equations Ax = b where A is slightly
unsymmetric positive definite matrix. They demonstrate that if the sufficient condition
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A1l < Apin/p~ (=1 + Y1 +p™h)

Satisfies, then the BB algorithm convergence. Simulations were run in MatLab 27.

Example 1. For the first experiment, a matrix A with size d X d can be taken as

r 1.0000 -0.0009 -0.0001 —0.0013 -0.0007 0.0020 0.00217
—-0.0007 1.6667 -—0.0000 -—-0.0022 -0.0013 0.0012 0.0008

0.0013 0.0015 2.3333 —0.0007 -0.0029 0.0018 0.0003
—-0.0004 -0.0014 -0.0023 3.0000 -—0.0007 -—0.0019 0.0027

0.0000 0.0024 -—-0.0014 0.0026 3.6667 —0.0024 0.0026
-0.0017 0.0011 -0.0020 0.0007 -—0.0033 4.3333 0.001

-—0.0021 0.0021 0.0028 -0.0027 0.0023 0.0020  5.0000-

where n =7 A= [aij],i =12,..,m j=12,..,n such that a;; are equally spaced real
numbers between 1 and 5 wheni = j, and a;; is a random number between -1 and 1 when i # j. The
symmetric part of A (4y) is symmetric positive definite matrix and its condition number p = 5 where

Amin = 1and Ayqx = 5. |4yl = 0.0041. The value of Apyiny/p " (—1 +/T+p~7) = 0.0427.

Figure 1 shows the rate of convergence 7, = % of the BB algorithm as a function of
kYk

number of iteration k=300
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Figure 1: Rate r,of convergence as a function of kfor Example 1.

Example 2. For the second experiment, a matrix A with size d X d can be taken as

11.0000 0.7621 0.7621 0.4057 0.0579
0.0000 11.0000 0.7919 0.9355 0.3529

0.0000 0.0000 11.0000 0.9169 0.8132
0.0000 0.0000 0.0000 11.0000 0.0099

0.0000 0.0000 0.0000 0.0000 11.0000

where d = 5, A=[a;j],i=12,..,n; j=12,..,nsuchthata;; = 11 wheni = j, and a;; =
rand(d) wheni # j. A, is symmetric positive definite matrix and its condition number p = 1.1801
where A,in = 10.3449 and A4, = 12.2082. ||A;|| = 1.0117and the value of A,,;+/p 1 (—1 +

JT+p77) = 34204
_ (Gk+1.9Kk+1)

Figure 2 shows the rate of convergence r;, = = Oeon of the BB algorithm as a function of number
k-Yk
of iteration k = 100.
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Figure 2: Rate 1, of convergence as a function of k for Example 2.
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