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Abstract:

A ring R is called a generalized Von Neumann regular local ring (GVNL-ring) if for any a€R, either a
or (1-a) is m-regular element. In this paper, we give some characterization and properties of generalized
regular local rings. And we studied the relation between generalized regular local rings, Von Neumann
regular rings, Von Neumann regular local rings (VNL-rings) and exchange rings.
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1- Introduction:

hroughout this paper, R will be an associative ring with identity. For a€R, r(a), £ (a) denote the

right (left) annihilator of a. We write Y(R), J(R) for the right singular ideal and the Jacobson
radical of R, respectively. An ideal I of a ring R is said to be essential if and only if I has a non-zero
intersection with every non-zero ideal of an R.A ring R is reduced if R contains no non-zero nilpotent
element. A ring R is said to be Von Neumann regular (or just regular) if and only if for each a in R
,2there exists bin R such that a=aba [7]. In[3] Contessa first introduced and characterized a VNL-ring,
and gave many properties, a ring R is called Von Neumann regular local rings (VNL-rings), if for any
a€R, either a or (1-a) is Von Neumann regular element. A ring R is called local ring, if it has exactly
one maximal ideal [1]. A ring R is called n-regular ring if and only if for each a in R, there exists b in
R and a positive integer n such that a"=a"b a" [4]. clearly that every n-regular ring is GVNL-ring. A
ring R is said to be strongly commuting regular if for each x,y in R
thereexista € R such that ( xy )=( VX Ya( VX Y[6].
A ring R is called Exchange ring if for any a€R, there exists an idempotent element ¢ €R such that
e€aR and (1-e) €(1-a)R [5].

2- GVNL-Rings
This section is devoted to give the definition of generalized Von Neumann regular local ring(
GVNL-rings) with some of its characterization and basic properties .

Definition 2.1: [2]
A ring R is called a generalized Von Neumann regular local ring(GVNL-ring) if a or (1-a) is m-
regular for every a€R .
Examples:
1-) Let (Z, ,+, .) be aring and let G={g: g1 }is cyclic group, then
7,G={0,1,g,1+ g} is not regular, but n-regular ring.
2-) Let R be the set of all matrix in Z, which defined as:

R={[g Z :a,b,d € Z, } It is easy to find the elements of R

R={Ao, A1, A3, A5, Ay, As, Ag As )}
fo=lg oltr=lo o-22=lp o-4:=[p 1]

0 1 1 1 1 0 1 1
Aa= [0 1]"45 B [0 1] As [0 1]' 47 = [0 0
Thus R is not regular but R is n-regular.
3-) Let : R=Z4@® Z4 then it is easy to check that,
(3,2)and(1,1) — (3,2) are notregular. So R is not a VNL-ring, but R is -regular. Thus R
is a GVNL-ring.
Proposition: 2.2:
A ring R is GVNL-ring iff a" R is generated by an idempotent element for every a€R and some
positive integer n.

145



Journal of University of Zakho, Vol. 3(A), No.1, Pp 145-152, 2015

Proof:

Suppose that R is a GVNL-ring. Then either a or (1-a) is m-regular. Let a€R. Then there exists an
element bER and appositive integer n such that a"=a"b a" , lete=a"b. Clearly e is an idempotent
element in R. We shall show that a"R=eR. Let ¢ €a"R, then, c=a"r for some reER. But, a"=a"b a",
S

C=a"ba'r=e.a'r €eR, a"R € R. Therefore a"R S eR ...(1)

On the other hand if d€eR, then d=e s for some s€R, but, e=a"b, so, d=a"bs € a"R
Therefore eRS a'R ...(2). Thus a"=eR

Now, if (l-a) is wm-regular, then there exists z€ER and n€Z'such that
(1-a)"=(1-a)"z (1-a)",

let e=(1-a)"z, we shall show that (1-a)"R=¢R.

Let we(l-a)" R, then w=(1-a)"s, for some s €R. But (1-a)'=(1-a)" z(1-a)" . so ,w=(1-a)"
z(1-a)"s=(1-a)" z(1-a)"s=e(1-a)"s €eR, therefore (1-a)" R € eR.

Now if d€eR, then d=es for some s€R. But e=(1-a)"z, so, d=(1-a)"zs €a" R

Thus eRE(1-a)" R. Therefor (1-a)" R=eR.

Conversely, let a€R, e is an idempotent in R such that a" R=eR for some positive integer n. Then
e=a" b for some beER and a"=e c for some c€ER,soea’=a"ba"=,soea=a"ba"=eec=ec=a".
Hence a"=ea"=a"b a". Therefore a is n- regular.

Now, for (1-a)€R, let e be an idempotent element in R such that

(1-a)" R=eR, for some positive integer n .Then e= (1-a)"b for some bER

and (1-a)"=e ¢ ,for some c€ R . So, e(1-a)" =(1-a)"b (1-a)", and e(l-a)’=e e c, hence e(1-a)"
=e¢c=(1-a)", then (1-a)"=e(1-a)"=(1-a)"b (1-a)"

Thus(1- a) is n-regular and therefore R is GVNL- ring. #

Proposition 2.3:

Let R be a commutative ring and let P be a primary ideal of R. Then P is a maximal ideal if R/P is
a GVNL-ring .

Proof:

Let a€ R, Then a + P € R/P. Since R/P is GVNL-ring, then either (a+p) or ((1-a)+p) is m-
regular element in R/P . Let (a+P) be m-regular in R/P. Then let (b+P)€ R/P and n€ Z" such that
a"+P =(a+P)"=(a+P)" (b +P) (a+P)"

=(a" +P)(b +P) (a"+ P)=a"b a"+P=a"b a" +P

That is (a"—a" b a") €P, then a" (1- b a") € P. Assume that a" &p .

Since P is primary, then (1-b a") " €P, m € Z" such that ,

(1-ba)"=1-[EM, C(-1)<" bkan®-D] g" ep where " = —

" K(m=K)!

Now, let z=Y™ |, C/*(—1)*~1pkank-1

Then (1-z a") €P, Thus 1+p=(z+P) (a"+P)=(z a""' +P)(a+P) .

Therefore (a+p) has inverse in R/P. Now, if ((1-a)+P) is m-regular element in R/P, then there exists
n€Z" and (£+P)ER/P such that

((1-a)™+P)=((1-a)+P)"=((1-a)+P)"(E+P)((1-a)+P)"=((1-a)"+P)(L+P)((1-a)"+P))

=(1-a)" £ (1-a)"+P

Then (1-a)" - (1-a)" £(1-a)" €P, that is (1-a)"(1-£(1-a)")EP

Let (1-a)" €P, since Pis primary ideal, Then (1-£(1-a)")™ € P, m€Z such that

[1- 0(1-a) "= 1-[E7_, G (~DF 1K (1 —a)™(k-D] (1-a)" € p

=1 (2, oy ) (- D) & (ZalD D (1)@ gnk-D@-D ) q] (1-a) €p

=1-{ZR, Sedy Ve T (- DRtz anGe D@D (1) €p

q=1
m _ m!

Where C;* = PRS-

Now, let W:Z}?:lzgikl—l) cm C‘;l(k—l) (- 1)k+q—2 aMk=D(@-1)+1

Then 1-w(1-a)" €P which implies that 1+p=(w+p)(1-a)™+p = (w(l-a)"'+P)(a+P).
Hence ((1-a)+P) has inverse in R/P, thus R/P is a division ring. Therefore P is a maximal ideal in R
C#
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Theorem 2.4: Le t I be a regular ideal of a ring R. Then R is GVNL-ring if and only if R/I is GVNL-
ring .
Proof:

Let R be GVNL-ring. Then either a or (1-a) is ©- regular element in R, for all a€R.

Now, if a is m-regular, then there exists bER and n€Z" such that a"=a"b a"

Hence (at+l)"=a"+I=a"b a"+I

=(a™tI) (b+]) (a"+1)
= (a+D)" (b+I)(a+I)"

Thus (a+I) is n-regular element in R/I

Now, if (1-a) is m-regular in R, then there exists d€ R and n€ Z" such that

(1-a)"=(1-a)" d (1-a)"

Hence ((1-a)+D)"=((1-a)+I) " (d+I) ((1-a)+I)"

=((1-a)*+I) (d+1) (1-a)™+ 1)
=(1-a)" d (1-a)"+I
=(1-a) "+l

Therefore ((1-a+I) is m-regular in R/I

Conversely, let R/I be GVNL and a€R. Then either (a+I) or ((1-a)+I) is n-regular element in R/I.
Then there exists (b+I)€ R/I and a positive integer n such that

(a™+ I)=(atl)" (b+I)(a+ I)"= (a"+ I)(btI)(a"+ I)=a"b a"+I

Hencea™I=a"ba+l,soa"-a"ba'el

Since I is regular, there exists c€I such that

a'-a"ba'=("-a"ba")c(a"-a"ba")

a'=a"bad"ad"ca"-a"ba"ca’-a"ca"ba"a"ba"ca'ba"

=a"(btc-ba"c-ca’"btba"cab)a"
=a"w a", where w=(b+c-b a"c-c a"b+ba"ca"b)

Thus a is n-regular in R.

Now, if (1-a)+I is m-regular, then there exists q+I and n€Z" such that,

(1-a)"+1 = ((1-a)" +I)(q+1)( (1-a)" +1)

So (1-a)"-(1-a)" q(1-a)" €I, since I is regular then

(I-a)*«((1-a)" q (1-0)") =[(1-a)"-(1-a)" q (1-a)" ] W [(1-a)"-(1-a)"q(1-a)"]

=l(1-a)" w (1-0)" - (1-0)" w (1-a)" q (1-@)"]
[(1-a)'q (1-a)" w (1-a)"+[ (1-2)" q (1-2)" w (1-a)"q (1-a)"]
= (1-a)" [w-w (1-0)" g-q (1-a)"w +q(1-a)" w (1-a)" q] (1-a)"
(1-ay'=(1-a) q(1-a)"+(1-)"[w-w (1-)" g-q (1-a)* w+ q(1-a)" w (1-a)" q] (1-a)’
= (1-a)'[q-w-w(1-a)" g-q(1-a)" w +q(1-a)" w(1-a)" q] (1-a)"
=(1-a)"Z (1-a)"
Thus (1-a) is n- regular in R. Therefore R is a GVNL —ring. #

Proposition2.5:
Let R be a GVNL-ring. Then J(R) is nil ideal.

Proof:

Let 0£a€J(R) Since R is GVNL-ring, then either a or (1-a) is a ©- regular element of R, if a is n-
regular, then there exists an element bER and n€Z" such that a"= a"b a",then a" - a"b a"= 0. Hence
(1- a"b) a"=0 Since a€J(R), therefore a" €J(R), and a" b €J(R). Thus (1- a"b) is invertible,
so there exists u€ R such that u (1- a" b)=1, it follows that u (a"- a" b a") =a", thus a is
nilpotent element. Now, if (1-a) is w-regular, since a €J(R), then (1-a) is invertible, and then (1-a)"
invert able, thus (1-a) is nilpotent element and Therefore J(R) is a nilideal.

Corollary: 2.6:
Let R be a reduced GVNL — ring Then J(R)=0

Proof
Suppose that J(R) # 0, then there exists a €J(R) and by ( prop .2.5) a is a nilpotent element in R.
But R is reduced, then a=0.therefore J(R) =0. #
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Corollary 2.7:
Let R be a reduced GVNL- ring, Then R is VNL- ring .

Proof:

R is exchange ring [ 2,Theorem 2.2].

Now, R isreduced exchange ring for any a€R .

If a is @- regular in R, then a"=a"x a" for some positive integer n and x ER. Clearly e = a" x
where e is an idempotent element in R , SO
((1-e) a)" =(1-e) a"=(1-¢) e a"=0, and hence (1-¢)a=0 Therefore a= e a= a(a™' x) a, is regular.

Now, if (1-a) is n-regular, then (1- a) " = (1- a)" z(1- a)" for some positive integer n and z€ R.
Clearly e = (1- a)" z,so (1-e) (1- a)"=(1-e) e (1- a)"=0.

Hence (1-e) (I-a)=o0.

Thus (1-a) = e(1-a) = (1-a)"z(1-a) = (1-a)(1-a)" 'z (1-a) = (1-a)w(1-a)

That is (1- a) is regular. Therefore R is a VNL-ring. #

Proposition 2.8:
Let R be a GVNL-ring with r (a) S r (1-a)" for a€R . Then Y(R) is a nilideal.

Proof:

Let a¢ {0,1} be an element in Y(R). Then Y(R) is an essential right ideal of R. Now, since
r(a)Cr(a"), then r(a") is also an essential right ideal of R.

Since R is a GVNL-ring, then either a or (1-a) is n-regular element in R. If a is n-regular, then
there exists bER and n€Z " such that a"=a" b a" .

Now, consider r (") Nb a" R, and let x € r(a")Nba"R, Then a" x=0 and x=ba"r for some reR. So,
a" ba" r=0, which implies a" r=0, yielding x=0.

Therefore r (a”) N ba" R=0, since r(a") is a non-zero essential right ideal of R, then ba"=0, and
hence a"=0 .

Now, if (1-a) is m-regular, then there exists cER and n€Z" such that (1-a)" = (1-a)"
c(l-a)".

Now, since r(a) € r(a")< r (1-a)", then r((1-a)") is also an essential ideal of R. Consider r((1-a)")N
c(1-a)"R. Let y€ r((1-a)")Nc((1-a)") R, then (1-a)" y=0, and y=c(1-a)"r for some r€R. So, (1-a)" ¢ (1-
a)" =0, Which implies (1-a)" r=0, yielding y=0. Therefore r((1-a)") N c¢(1-a)"R=0.

Since r((1-a)") is a non-zero essential right ideal of R, then ¢(1-a)"=0 .

And hence (1-a)"=0, and then 1=a, a contradiction .

Thus a"=0 and therefore Y(R) is nilideal. #

Theorem 2.9:
Let R be a ring with (r(a™")) € r(a”) and r(a(1-a)")S r((1-a)") for a€R, if R/r(a) is GVNL-ring.
Then R is GVNL-ring

Proof:
Assume that R/r(a) be a GVNL-ring, then either a+r(a) ER/r(a) or
(1-a)tr(a) is m-regular element. Now, if atr(a) is m-regular element for a€R then there exists
b+r(a) ER/r(a) and n€Z", such that
a'+ r(a)=( atr(a))’
= (atr(a))" (bt r(a))(atr(a))”
= (a"+1(a)(b+ r(@)( a" +1(a))
=a"b a'+1(a)
Then a"- a" b a" € r(a), that is
a (a™a"b a") =0, hence a""'(1-b a") =0.Then (1-b a") € r(a"")E r(a"), which implies that a"(1-b
a" ) =0, then we get a"=a"b a"
Thus a is m-regular element in R .
Now, if (1-a)+r(a) €R/ r(a) is n-regular for a€R, then, there exists c+r(a) ER/ r(a) and n€Z" such
that (1-a) "+r(a)=((1-a) + r(a))"
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=((1-a)+ r(a))" (¢t r(a)) ((1-a)+ r(a))"= ((1-a)" +r(a))( e+ r(@))(1-a)™+ r(a))
=(1-a)" ¢ (1-a)™+ r(a), then (1-a)" - (1-a)" ¢ (1-a)" €r(a), that is

a((1-a)"- (1-a)" ¢ (1-a)" =0, so a(1-a)" ( 1- ¢(1-a)"=0 then

(1-c (1-a)") € r(a(1-a)") S r((1-a)", hence (1-a)" (1-c(1-a)")=0

Thus (1-a)"- (1-a)" ¢ (1-a)"=0. Hence (1-a)is n- regular element in R
Therefore R is GVNL —ring. #

Theorem 2.10:
If R is a reduced ring and every maximal ideal of R is a right annihilator.
Then R is GVNL-ring.

Proof:

Let a€R, we shall prove that a" R+r(a)=R, if not there exists a right maximal ideal M containing a"
R+ r(a"). If M=r(b) for some 0#bER, we have

beL (a"R+r(a"))S U(a")=r(a"), which implies that bEM=r(b), then b*=0,

and b=0 a contradiction. Therefore a"R+ r(a")=R

In particular a" c+d=1, c€R, der(a"), then a" ¢ a"=a" which proves

a is m-regular element. Now, if (1-a)€ R, we shall prove that.

((1-a)" +r((1-a)")=R , if not there exists a maximal right ideal M containing

(1-a)" R+ r(1-a)" , if M=r(c) for some 0£cER, we have

c€l(1-a)"R+r(1-a)" €L (1-a)"=r(1-a)". Which implies cEM=r(r), then ¢*=0.

And hence ¢=0 a ctraduction. Therefore (1-a)" R+ r(1-a)"=R

Inparticular  (1-a)" x+y =1 Where x €R and y €r((1-a)")  Then,

1-a)*x (1-a)"+0 = (1-a)" .
Thus (1-a) is n-regular element in R. Therefore R is GVNL-ring. #

Now, we have the following result to obtain the relation between GVNL-ring and exchange ring .

Proposition 2.11:
If R is GVNL-ring, then eRe is also GVNL-ring for every idempotent element e in R .

Proof:

For a€eRe, a or (1-a) is m-regular in R. If a is n-regular, then there exists b in R and n€Z" such
that a"=a" b a", so, a"= (a" e) b (e a") = a" (ebe) a". Thus a is n-regular in eRe.

If (1-a) is m-regular, then there exists cER and n€Z" such that (1-
a)'=(1-a)"c(1-a)"
Now ,(e-a)" = (e-ea)" = (e(1-a))"= e(1-a)"e .

Hence e-a is n-regular in eRe.

Therefore, eRe is a GVNL-ring . #

Now, we give the following proposition which is due to YING Zhi- ling in [8]

Proposition 2.12:
If R a GVNL-ring, then for every idempotent element e in R, either eRe or  (1-e) R(1-e) is a -
regular ring .

Proof:
Let R be a GVNL-ring and e €R be an idempotent element in R. Then
- eRe eR(1—e)
R= ((1 —e)Re (1—-e)R(1— e))
If x €eRe and y €(1-e)R(1-e) are two non-n-regular elements. Then both

_(x 0 ) q1 _(1—x 0)
a=| 1—y and 1-a={ y

are also non-m-regular, a contradiction. #
From proposition 2.12 , clearly every GVNL-ring is an exchange ring .
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The following corollary is given in [§]

Corollary 2.13:
For an abelian ring R, R is GVNL-ring if R is an exchange ring

Proof:

For a€R, let a;—a and a,-1-a. Then

a; R+a,R=R, then by [5,proposition 1-11] ,there exists an orthogonal idempotent

e;and e, such that ¢,€ e; R and e;.e,-1 .

Now, e;= a; b; and e,=a,b, for by, b, €ER, so e; a;=(e; a;) (e; by)(e; ay)

and e, a,=(e; a,) (e, by)(e; a,) is regular.

Since R is abelian, e; a; and e, a, is also strongly regular.

Thus we can suppose that

eja; bj=e; by a; and e, a, by=e; b, a,, implying that, e, a;=(e, al)2 (e; by) and ezazz(ezaz)2 (e2 by) . By
(proposition2.12) either e; R=e; R e, and e; R =e; R e, or (1-e))R(1-e;)and(1-e,)R(1-e;)aren-
regularife;Re;and e, Re; are m-regular, then R being a finite direct product of e; Re, and e, Re; is @-
regular. If (1-e))R(1-¢)) is n-regular for j=1, 2, then there exists m> 0 and ; €R forj=1, 2 such that (
(1-¢)) aj )"Cj((1-¢;) )™ = ((1-e)ay)™ = (1-¢;) ™),

eja=(ea))” (e b)), we have

[ejai(1-€;) a]™ (e b)™ +(1-¢)c; ] [ejat(1-¢;)a]™

= [ga;+ (1- &) a]" = a"

That is a;, a, is also w-regular. Therefore R is GVNL-ring. #

Now, to give the relation between GVNL-ring and strongly commuting regular rings.

Theorem 2.14: [6]
Suppose that R is a strongly commuting regular ring. Then R is n-regular .

Proof:

By strongly commuting regularity of R, for each x €R, there exists an element ¢ in R such that x
*=x*c x*. With suppose ¢ = x *c x °. Then we have

x’*=x’¢x* .Which implies that R is m —regular . #

We observe the following corollary .

Corollary 2.15:
I fR is a strongly commuting regular. Then R is GVNL-ring .

3- The GVNL - Ring without zero Divisor element .
In this section, we give some results about GVNL-ring without zero —divisors and some relation
with other rings like division ring, local ring, n-regular ring, simple ring, VNL-ring .

Proposition 3.1:
Let R be a GVNL-ring without zero divisors. Then every element a¢ {0,1} in R is invert able .

Proof:

Let Rbe a GVNL-ring and 0# a € R.Then either a or (1 — a)is m — regular element inR . If a
is m-regular element in R, then there exists bER and n€Z" Such that

a"=a"b a" and then we have a"- a"b a"=0

That is, a"- a"b a"=a" ( 1- b a”)=a (a™" (1-b a"))=0 . Since R is without zero divisors then ,

a™' ( 1-b a"=0, thus a(a™* (1-b a")=0 and hence ...a(1-b a")=0, then 1-b a"=0 Thus 1=b a",
which implies that 1=(b a™) a, that a has left inverse.

Now, since 1=(b a™")a, then, a=a (b a"")a and thus ( 1- ab a"")a=0.

Hence (1-ab a™) € £ (a) = 0, which implies that 1=a (b a""),

Thus a has right inverse and therefore a is invertable element in R .

Now, if (1-a) is n-regular element in R, then there exists cER and n€Z" such that ,

(1-a)" - (1-a)" ¢ (1-a)" =0,that is (1-a)"[1-c(1-a)"]= (1-a)" (1-a)"" [1-c(1-a)"]=0 .
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Since R is without zero divisor and a€ {0, 1} .

Thus (1-a) ((1-a)™*(1- ¢(1-a)")=0, and hence ... (1-a) ( 1-c(1-a)")=0.

Then ( 1-¢ (1-a)")=0, which implies that, 1=c(1-a)"

That is 1=( ¢ (1-a)™") (1-a). Hence (1-a) has left inverse .

Now, since 1=( ¢ (1-a)"") (1-a), then,

(1-a)=(1-a) ( c(1-a)"") (1-a), and then (1-(1-a) ¢ (1-a)™") (1-a)=0 thus,

(1- (1-a)c (1-a)"") € € (1-a) =0 which implies that 1=(1-a) (¢ (1-a)"") .
And hence(1-a)has right inverse.Therefore (1-a)is invertible element in R. #

Corollary 3.2:
Let R be a GVNL-ring without zero-divisors. Then R is a division ring .

Corollary 3.3:
Let R be a GVNL-ring without zero divisors. Then R is;

1- Local ring. 2- VN-regular ring and reduced ring.
2- VN-regular ring and reduced ring .

3- m-regular ring .

Finally we give the following result .

Proposition 3.4:
If I is a proper ideal of GVNL-ring R. Then every element of I is zero divisors in R. Especially
every GVNL-ring has non-zero divisors is simple.

Proof:

Let O#a € I, since R is GVNL-ring, then either a or (l-a) is
n-regular element in R. If a is m-regular element, then there exists an element b€ R and a positive
integer n such that a"=a"b a" ,if a is not zero divisors then a" (1-b a")=0 gives (1-b
a")=0, and hence 1€I, a contradiction.

Hence, a is zero divisors . Now, if (1-a) is n-regular element, then there exists cER and a positive
integer n such that (1- a)"=(1- a)" ¢ (1- a)" . If (1- @) is not zero divisor, then  (1- a)" (1- ¢ (1- a)")
=0 gives, 1-¢(1-a)"=0 thus

1=c ( 1- a)" €I a contradiction.

If R has nonzero divisors, there is not a proper ideal I of R. Hence R is simple. #

REFERECES

1-Burton, D.m.(1970), " A first Course in Rings and Ideals, " Addison Wesley Pulishing Company.

2-CHEN W.X.,, TONG W.T. (2006), " On non-commutative VNL-rings and GVNL-rings
"(J).Glasgow Math J, 48:11-17 .

3-CONTESSA M. (1984), " On certain classes of pm-rings"(J).Comm. Algebra, , 12:1447-1469.

4-Mc Coy, N.H.(1939)," Ggeneralized regular rings", Bull. Amer.Math.Soc.Vol.45, pp.175-178.

5- NICHOLSON.W.K. (1977), " Llifting idempotents and exchange rings". Transacati -ons of the
American Math. Society, vol.229, pp.269-278.

Amer. Math.Soc., 229:269-278 .

6-Sh.A.Safarisabet and Marzieh. Farmani , ( 2013), " Strongly commuting regular rings " J.Basic
.Appl.Sci. Res.3(1) vol 3(1), pp.707-713 .

7-Von Neumman, J.(1936), " On regular rings". Proc. Nat. Scad. Sciences U.S.A, Vol, 22, pp.707-713.

8-YING Zhi-ling, (2011), " Some Charactrizations of GVNL_ Rings", Journal of Nanjing University of
Posts and Telecommunications (Natural Science), Vol.31 No.5.

151



Journal of University of Zakho, Vol. 3(A), No.1, Pp 145-152, 2015

A g

Ou(a)oh(a ER) IS ma g0 pSasE § 3wy by bl KaSas S (R ) Sdes wis
Sadis ot g Sliagh Jodin ae 15 (g S48 183 TT— (s3I b § Ay (S4B g S ada ( 1-2)
3 SR8 P GSalis 1pds oy an Laogyen sl St gl g munSYy G gl
Sy o Ologs OP S s Olagy P Latndly ouy J 2wsSTy S ads wils g bl S ules
58 daa ySadas 5 (VNL- )l s § dadasy g gl

v I T

— Lol o i jaie g (1-2) 5i A L) AER JSI O 13) coane delasie 2 Al 6L R ddlol) JW
i) S G B L ys SMUST el dodaad) BS) BB ol 5 g D12 e Lhael Gl e G T
YS! debadl Ologs O Ul (Olgd O psgde o dabaad) SlilH i) OUH 5 deeall dolazd)
Ayl oy (VNL- Ladl o il

152



