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ABSTRACT:

In this article, based on the concepts of subordination and q-derivative operator, we introduce and study a new subcategory
Hsx(q,B; ¢) of analytic and bi-univalent functions in the open unit disk D. Upper bounds for the second and third coefficients
of the functions belonging to the subcategory Hs(q, B; ¢) are found and several particular outcomes of the main finding are

also presented.
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1. INTRODUCTION

Suppose that C is the set of all complex numbers in the plane
and D ={& € C: |&| < 1}represents the open unitdiskin C,
we signify H the class of all functions that are analytic in D and
normalized by f(0) = f'(0) — 1 = 0. Then every function f in
H has power series representation:

FO=§+) axgk
k=2

=&+ a8 +azé3+ -, (1.1)

D. The Koebe function K (§) = ﬁ is an example of univalent

functions (see (Duren, 1983)). For more than a century, the
theory of univalent functions is a very active field of study. A
significant portion of its history is connected to the well-known
Bieberbach conjecture that |a,| < k for k = 2. This well-known
conjecture from 1916 rose to prominence as one of mathematics'
most well-known problems.

Now, we denote the class of all functions in  that they are
univalent in D by S (Srivastava & Owa, 1992; Ma & Minda,
1992). Let the functions f and g be analytic in D, then we say
that the function f is subordinate to the function g and we write
f(&) < g(&), if there is an analytic function ¥ in D such that
£(&) = gW(&)) where [p(§)| < 1, § € D,and(0) = 0 (¥
is a Schwarz function). Specifically, if g is univalent in D then
the following equivalence relationship is valid

f@) < 9@ = £(0) = g(0) and f(D) < g(D).

Using the subordination concept, Ma and Minda (1992)
introduced the subcategories of starlike and convex functions.
Here, we assume a function ¢ has a positive real part in D, ¢(D)
is symmetric about the real axis, ¢(0) = 1, ¢'(0) = m, > 0 and
using the power series representation
¢(§) =1+ my§ + my&% + m3é® +..; (§ €D). (1.2)
The Ma-and-Minda subcategories of functions are introduced as

follows:
§1'(9)
f

§*(g) = {f e <@ ¢e D}.

and

* Corresponding author

zf" (&) }
- <¢(&); €€Dy.
e S8 e

Here, we need to recall the Koebe one-quarter theorem that
stated by Duren (2001):

The range of every function of the class S contains the disk
{r: |tl <1/4}.

We note that the Koebe one-quarter theorem sensures that
the image of D under any function f € S contains a disk with the
center at the origin and the radius % . Thus, every univalent
function f € S has an inverse f~1: f(D) — D, such that

fH®)=¢ ¢eD)

?C(c)Z{fE?{; 1+

and

fF1@) =1 ( |7 < 19(f) such that 1o(f) = %)

where the radius r,(f) depends on the function f. Note that
the inverse function £~ is defined by
o =9@

=1 —a,t? + (2a3 — a3)t® — (5a3 — 5aa; + a,)t*

+ - 1.3)

We say that the function f € # is bi-univalent in D if f and
f~1 are univalent functions in D and we denote by ¥ the class
of all bi-univalent functions in D given by (1.1). Some examples
of bi-univalent functions in Y are:
Slog(7H), —log (1 - &), 75,

(see Alrefai & Ali, 2020). However, > does not contain the
renowned Koebe function. Additionally, several functions that
3
1-¢2

A long time ago, scientists were tried to estimate the
coefficients of the power series of some classes of bi-univalent
functions. For example, it has been proved by Lewin (1967) that
la,| < 1.51 and then conjectured by Brannan and Clunie (1980)
that |a,| < V2. Furthermore, Netanyahu (1969) proved that
maxgey |a,| = g. All that we have mentioned above is related to

the geometric properties of analytic functions. In this last decade,
some efforts have been made in this field, some of which are
mentioned here.

2
belong to the class S, like & — % and are not in the class ) .
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Subclasses of analytic functions have been investigated
from different perspectives. For example, Alimohammadi et al.
(2020) investigated the strong starlikeness properties as well as
the close-to-convexity properties for a new subcategory G (a, )
which is a subclass of analytic functions. Also, we mention a
work of Mohammed et al. (2022) who introduced a subcategory
of normalized analytic functions that is defined using a
differential inequality and they studied several geometric
properties of it.

Lately, the g-calculus (quantum calculus) has become
crucial in univalent functions theory, especially for estimating
sharp inequality bounds for different subcategory of univalent
and bi-univalent functions. The idea of this merger is inspired by
Jackson's works. Jackson (1909, 1910) introduced and studied g-
derivative operator D, of a function f(§) as follows:

Assume that g € (0,1)
1 - L90=IO

and D, £ (0) = f'(0) if £'(0) exists.
For any function f € 7, the simple computation implies

, §#0)

Def(E) =1+ ) Klq a £ (€ € D),
where, =
_1-4
kg = 7=

We observe that

Dyg(1) =1+ (—a)[2]y7 + (2a3 — a5)[3],7% — (5a3 —
S5a,az + ay) [4]47% + - (1.4)

The first one that used this idea in relation with univalent
functions was Srivastava (1989). (see also Seoudy, 2014; Toklu,
2019).

However, the problem of estimating the coefficients for

every Taylor-Maclaurin series coefficients |ax| (k = 3; k €
N) isstill an open problem.
In this paper, the authors presented a new subclass Hs(q, B; ¢) of
the function class X based on g-derivative operator (Jackson-
derivative operator) D, for functions (&) in this new subclass
and estimated the upper bounds for the coefficients |a,| and |as],
using the techniques previously used by Frasin and Aouf (2011)
and Saravanan and Muthunagai (2019) (see also Mohammed,
2021; Abdullah, 2022).

Now, we introduce the category Hx(q, B; ¢) as follows:
Definition 1.1 A function f € X, as defined by (1.1), belongs to
the class Hs(q, B; ¢) if it satisfies the following two conditions:

1+(Df©) +58% (D5 ®) < 5(&); €€D,

and

1+71 (bqg(r))l + B1? (Dqg(r))” < ¢(t); TED,

where 0 < g<1, §=0, g=f"tandg isthe function given

by (1.2). The main result can be demonstrated using the following

lemma.

Lemma 1.2. (Duren, 2001) If p € P, where P represents the class

of all functions that are analytic in D, with

P) =1+p:i§ +p82+ -, (€D, Re(p(§)) > 0)

(1.5)

then |py| < 2 forevery k > 1.

457

2. MAIN RESULTS
This section presents some interesting estimate coefficients
for the functions in the mentioned subcategory of £. Now let us
to explain our main result.
Theorem 2.1. Let f be a function in the class Hx(q, B, ¢), then

J

mq(my + |m,|)

mq(my + |m;l)

2m,(1+ R3], + (121,)°

<

lazl

also,

[1m5]

< .
sl = 2m(1+ R3], + (121,)° 2A+AB

Proof. Suppose that the function f € Hx (g, 8;¢)and g = f~1in
this case there are two Schwarz functions u,v: D — D, such
that

"

1+ (Def(©) + 822 (Dof ©)

(2.1
c(u®); ¢eb,
and
1+t (fDqg(T)) + pt? (ZDqg(T)) 22)
= g‘(v(r)); T€D.
Now, we define two auxiliary functions h; and h, by
C14u()
hi(§) = T=u® - T+ad+cd®+-
and
1
hy() = %ﬁg =1+d,7+dyt?+ .
In other words, we have
hE -1 1
u(®) = MO+ §<C1<f
(2.3)
+ (C _i>§2 + )
2 2 )
and
_ hz(T) -1 _ 1
U(T) = W = E(dl‘[
di
+ (dz - 7) T2 4 - > (2.4)

Then the two functions h; and h, are analyticin D, h,;(0) =1 =
h,(0). Given that u,v: D — D, the real parts of h, and h, are
nonnegative in D and by using lemma (1.2), |cx| < 2 and |d| <
2 for every k > 1. Recall that
Dof(§) = 1+ [2]g @z + [3], as€? + [41,048° + [5],as¢*
+ e,

so, we have
1+£(D,f©) +88 (Df©)
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1+ [2]4 azé +2(1 + B)[3]ga38% + 3(1 + 2B)[4] 40483

+4(1+3p)[5]as8* + -, (25)
However,
h -1 1
C(u(f)) =¢ (%) =1+ Emlcl‘f
2
+<%m1 <C2 _%)‘l‘%chlz)fz + (2.6)

The equations (2.1), (2.3), (2.5), and (2.6) can be equated to
obtain:
1+ [2]4 a8 +2(1 + P)[3], as8? + 3(1 + 2B)[4]4a483
+4(1 4 3B)[5]qasé* +
2)'52 +

m1 Cc; — +—=m,cq
4
By comparing the coefficients in the above equation, we get:

1
=14+-mcé+ 2
[Z]q a, (27)

2

_ 1

- Emlcb
and

cf

2)

1
20+ p)[Blgas = P! (52 )

(2.8)

+ — 2
MHCT.
A 2%1

Once more, given
Dyg (D) =1+ (—ay)[2],7 + (2a5 -
Sazaz + a,) [4],73 + -,

a3)[3]47% — (5a3 -

we have

1+7 (fDqg(r))’ + pt? (Dqg(r))” =

1+ (—ay)[2],7 + 2(1 + B)(2a3 — a3)[3]47% — 3(1
+2B)(5a3 — 5azaz + a,)[4],t3 + - (2.9)
Once more, since

hy(7) — 1
s(v@)=¢ <h§(§) n 1) 2
1

(i (1) ).

2)

2 2

The equations (2.2), (2.4), (2.9) and (2.10) can be equated to

obtain:

1+ (—ax)[2]g7 + 2(1 + B)(2a5 — a3)[3]47% - 3(1
+2B)(5a3 —

=1+ %mldlr + Gml (dz - d;) + i/mzdf) T2 4 e

1
=1 +—4’n1d1‘[ +

1 2
+ —m2d1

7 (2.10)

5a,a; + a,)[4]473 +

Hence, by comparing the coefficients in the above equation, we

get:

[2]q a2 = _§m1d1' (2.11)

and, also
di

2)

4’(1 + ﬁ)[g‘]qa% = 2(1 + ﬁ)[g]qa3 + %ml <d2 - 2
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+Zm2d§. (2.12)
By comparing the equations (2.7) and (2.11) we have
=—d,, (2.13)
also
(121,)"a2 = 1 7 midt. (2.14)

Now, apply the equations (2.8) and (2.13) in (2.12) to obtain

1 1
4(1+ p)[3]qas + E’mld% = E(’WH(CZ +dy) + m,d}).

Given that m; > 0, (2.14) yields

2(121,)° , 1 1
4(1+ P)[31,a5 + ———ai = smy(c; + d;) + 5m,d?,
my 2 2

and we obtain

4my(1+ B)[3]qa2 +2([2],) a2

mq

= E(mlcz + mydy + myd?).
Alternatively, obtain that
mi(c; + dz) +mymyds
2
8m,(1+ B3], +4(12]4)

It is easy to conclude that

2 —

a (2.15)

milc, + dyl +’m1 lm,| d?
>
8m,(1+ B3], +4(12],)

Using Lemma (1.2), we have |¢c,| <2 and |d,| < 2 and after

la,|* <

some e computation this implies that
4m? + 4 my |m,|

4(2m(1+ B3], + ([21,)°)

|az|2

Finally, we get

I, < my(m, + I/mzl)
21 =
2my(1+ P31, + ([2] )

The next step is to find an upper bound for |a;| and for this

purpose we must subtract the equation (2.12) from the equation
(2.8) to obtain

1
4(1+p)[3lga; =4 (1 + B3], as + Em1(02 —dy).
Alternatively, we conclude that
mq(c, —d
as = a2 1(c2 2) (2.16)

DN
Substituting the equation (2.15) in (2.16), we obtain
mi(c, + dy) + mym,d?

8m,(1+ R3], + 4 (121,)°

It is easy to conclude that

m,(c; — dy)

8(1+ABlg

a> =

[m,] |c; — dyl

8(1+A)[3q

m% |C2 + dzl +m1|’WL2| d]z_

8 my(1+ B3, + 4 ([21,)°

las| <
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Again, by using Lemma (1.2) |c,| <2 and |d,| < 2 and this

implies that
las] < 4/m%+4/m1|/m2| 4 [m,|
T e m (L4 B3], +4([21,)° 8A+ABI
Finally, we have
mq(my + |my|) [m5]

las| <

2t A+ Pk,

2my(1+ P31, + ([21,)

Now, we shall give upper bounds concerning the initial two
coefficients of the function f~1. Since b, = —a, (by (1.3)), the
upper bound that is obtained for |a,| also holds for |[b,|.
Additionally, in order to obtain the upper bound for |b5| we must
perform some calculations based on the equation b; = 2a3 — a;
that we will explain it in the following corollary.

Corollary 2.2. If the function f is in the category Hs(q,B,¢),

then
mq(my + |m,|) my

T 2my 1+ )3, + (121,)° T+ pBlL,

Proof. Using the equation (2.15) and the equation (2.16) in the

|bs| <

proof of the Theorem 2.1, we have
mi(c, +dy) + mymyd; my(d; — ¢;)
8nuﬂ+ﬁnﬂq+4ama2+8ﬁ+ﬁﬂﬂq
Then, by using Lemma (1.2) and triangle inequality, we conclude
that

b3=

mq(my + |m;|)

2my(1+ B3], + ([2] )

mq

Tz + B3]y

|bs| <

]
At this step, we want to highlight some interesting findings for
some special cases of ¢ in Theorem 2.1. We consider the Taylor-

Maclaurin expansion of
1 1
§ = g2 4 3
ef =18+ 580+
and then we obtain a special case of Theorem 2.1 by assuming

¢(&) =ef,(£€D). Inthis case m; =1, m, =- and we

acquire the following result.
Corollary 2.3 If the function £ is in the category Hx(q,5,€°),

then simple computations yield

|a2| >
4@+ Bl + (I 2]q)

Also,
3

<
41+ B3], + (1214)

1
2t ia+ Pl

Now, by taking
1+(1-26
¢(§) = (1_5 U

=14+2(1-6)¢+2(1-6)&%+-; 0<6<1, (€D,
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we have m; = m, = 2(1 — §) and we obtain the next result.
Corollary 2.4. If the function f is in the category
Hs (q, B, %) such that 0<§<1 then simple

computations yield

laz| <\]
8(1 — 5)2

4(1-80+p[3],

8(1—6)2
41 -6AQ+pI3

+(1219)"

and

1-6)
Ta e,

las| <

+(1215)°

Finally, if we take

(@ = C+9

=1+2af+2a??+-;0<a<l1 ¢E€D

we get m,; = 2a, m, = 2a? and we acquire the following
result.

If the function f is

Corollary 2.5. in the category
14§

}[2 (q'ﬁ' (1 I3

computations yield

)) such that 0<a<1, then simple

la,| < 40:2(1 +a)
? 4a(1+ B)[3 (

40%(1 + @)
4a(1+ B3], + ([2]

J)

and

(ZZ

T aEpE,

<

las|

2
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