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ABSTRACT:

The symmetric property plays an important role in non-commutative ring theory and module theory. In this paper, we study
the symmetric property with one element of the ring R and two nilpotent elements of R skewed by ring endomorphism 6
on rings, introducing the concept of a right 6-V £-symmetric ring and extend the concept of right 6-V £-symmetric rings to
modules by introducing another concept called the right - *-symmetric module which is a generalization of 6-symmetric
modules. According to this, we examine the characterization of a right 6-V*-symmetric ring and a right 6-V£-symmetric
module and their related properties including ring and explore their connections to other classes of rings and modules.
Furthermore, we investigate the concept of 6-V"£-symmetric on some ring extensions and localizations like R[u], R[n,n~1],
Dorroh extension, Jordan extension and module localizations like Q=17 2%,

KEYWORDS: Reduced-Ring, Symmetric Ring, Flat Module, &-Reduced Module, Polynomial Module.

1. INTRODUCTION

Every ring in this study has a unique identity, and every
module that is investigated is a unital module. Z, Z,, and M £(R)
denotes the ring of integers, integers modulo » and the set of
nilpotent elements in R, respectively. Furthermore,1g , 6, M
denote the identity endomorphism, an endomorphism of an
arbitrary ring R (For short, endo) and right ®R-module
respectively. £,, (R) = {m € M : m®R = 0} is the left
annihilator of R in M.

Acring R is reduced (For short red-ring), if it has no nonzero
nilpotent elements. However, if 56(0) = 0 implies U = O for
v € R, then endo 6 of the ring R is said to be rigid (For short,
rg-ring endo) (Krempa, 1996). If there is a rg-ring endo & of
ring R, then R is said to be 6-rigid ring (For short, 6-rg-ring)
(Suarez H., et al., 2024). Note that, &-rg-rings are red-rings by
[(Hong et al., 2000), Proposition 5]. and any rg-ring endo of a
ring is a monomorphism. Cohn introduced a ring R as reversible,
if whenever Up = 0, then pv = 0 , for ¥, p € R (Cohn, 1999).
Lembek referred to a ring R as symmetric (For short, S-ring), if
whenever  Up®d =0, then UVodp=0, for U,p,&€E
R (Lambek, 1971). According to [(Shin, 1973), Lemma 1.1],
every red-ring is symmetric; however, the convers does not true
in general [(Anderson & Camillo, 1999), Example 11.5].
Although, it is clear that S-rings are reversible and commutative
rings are symmetric, the convers of each of them does not true in
general [(Anderson & Camillo, 1999), Example 1.5 and 11.5]
and [(Marks, 2002), Example 5 and 7]. As an extension of S-
rings and a specific instance of 2V ‘£-semi-commutative rings,
Chakraborty and Das presented the idea of N"*-symmetric rings
in (Chakraborty & Das, 2014). Aring R is right(R) (left(L)) N £-
symmetric (For short, R(L)-V£s-ring), if for b € R, and p, & €
NE(R) with bp® = 0(®p = 0), then B&dp = 0. A ring is
NES-ring if it is both L(R) M*S-ring.

The concept of an 6-symmetric ring was first proposed by
Kwak, T. K. in 2007, as an extension of S§-rings and a
generalization of 6-rg rings. In (Kwak, 2007) an endo & of a ring
R is called L(R)-6-symmetric ring(For short, 6-S-ring), if
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Vp&d = 0 imply DHE(P) = 0 (A(P)v& = 0),fora, p,® € R. A
ring & is L(R)- 6-S-ring if there exists a L(R)- S-ring endo 6 of
. the concepts of an 6-S-ring is an extension of S-rings and it is
also a generalization of 6-rg rings.

The ring notion was recently extended to include modules.
A module M*™ is called symmetric (For short, S-module), if
whenever U,p € R, m € M™% satisfy mop = 0, then we have
mpv = 0 ((Lambek, 1971) and (Raphael, 1975)). A module M #
is f-semi-commutative if, mb = 0 implies mR6a(v) = 0, for
m € M¥% and v € R. The module M™® is semi-commutative if
it is ig-semi-commutative. Buhphang and Rege in (Buhphang &
Rege, 2002) examined the fundamental characteristics of semi-
commutative modules. Agayev and Harmanci concentrated on
semi-commutativity of subrings of matrix rings and carried out
additional research on semi-commutative rings and modules in
(Agayev & Harmanci, 2007).

Motivated to the above, this article is structured to introduce
and define a new kind of rings named a R-6-V*-S ring as a
generalization of 6-S-rings and an extension of A *S-rings, and
to explore and provide various characterizations, features and
relations about this concept and to study its related properties.
Additionally, we investigate the concept of right 6-N*-
symmetric on some of ring extensions and localizations. This
leads to a number of well-known outcomes as corollaries of our
results. Then we extend the property of R-6-N*S rings to
modules by introducing the notion of right 6-N*-symmetric
module which is a generalization of 6-symmetric modules and
extensions of symmetric modules. We examine the
characteristics of right 6-N*-symmetric modules and their
associated attributes, such as localizations and module
extensions.

On &-NV*£-Symmetric Rings:

The fundamental structure of 6-N"*-S rings is examined in
this section, along with a number of associated ring features. We
begin with the following definition.
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Definition 2.1 An endo 6 of a ring R is said to be left(L)-
right(R) 6-V £-symmetric(For short,  L-R-6-N%S-ring), if
whenever  vpod =0, for VER and p&HE
NE(R), then v®6(p) = 0(6(p)V&® = 0). A ring R is L-R-
6-NLS, if there exists a L-R V£S endo 6 of R. Moreover, R is
6-N£S-ring if it is both L-R- 6 -V £-S-ring.

Remark 2.2:

Example 2.3 Suppose that aring R = U,(Z,), then

- £t T . v -5
NER) = {(0 }) |t,}E{0,2},rEZ4}.
(i) Let 6:R — R be an endo defined by:
t B\\_/t O
ﬁ((0 })) - (0 0)'

T A W N
IFYTV = 0forY = (0 }) ERT = (0 ﬁ),v_ (0 h)) €
NE(R), then we get txy =0 and so tyx = O since Z, is
commutative. This yields YVa(0*) = 0, and hence R is R-6-
wesring For Y= (1 Q)erv=(3 D =ven:(®)

' 0o 0 ’ 0 2
with Y07 = 0, we have 6(0Y7 = (9 2
not L-6-V£S-ring.
(i) Let X::R — R be an endo defined by:

1 (l; F) _ (0 0)
o i) \o i)
By using the same technique as in (i), we may demonstrate that
R is L-Xx-N£-S-ring. However, R is not R-X-V£-S-ring for
YOU =0 but YV X () = (g é) # 0, and thus R is not R-X-
NE-S-ring.

) # 0, and thus R is

Lemma 2.4 (1) For aring R, R is R-6-NV£S-ring if and only if
YOV = 0 implies YV&(0) = 0, for p=YcR and 0 =
0,0 %V < NE(R).

(2) Consider R be a reversible ring. R is R-6-N£S-ring  if
and only if R is L-6-V£S-ring.

Proof. (1) It suffices to show that YO*V = 0 for ¢ # Y < R and
0+ 0,0+ VcNE(R), impliesYV6(T) = 0, when R is right
6-NLS-ring. Let YOV = 0, thenvp®d = Ofor veY,p €
and ® € V, and hence b&6(p) = O by the condition. Thus
YV6(0) = ZEEY,;’; € and wey VOG(P) = 0.

(2) Let bp®d = O for ¥ € Rand p,® € NE(R). If R is R-6-
NEs-ring, then (0®)(6(p)) = 0, since R is reversible, we have
(6(9) (&) = 6(p)v& = 0, and hence R is L-6-N£S-ring. The
converse is similar. ]

The condition "Ris reversible" in (Proposition 2.4) is
irremovable, as demonstrated by Example 2.3. While it is evident
that all 6-symmetric objects are 6-N‘S-ring, the following
example shows that the converse is not true.

Example 2.5 Assume Z, is the ring of integer modulo 2, and
R =2, ® Z,. Using the standard addition and multiplication.
Since N4(R) = {(0,0)}, R is 6-NV£S-ring. Now let 6: R — R
be defined by 6((5,0)) = (p,0). Then, for ¥ =(1,0),p =
0,1),d6=(1,1) €R, vpd =0 but v® 6(p) = (1,0) # 0,
and thus R is not an 6-S-ring. n

Consider Risaringand @ # S R, lz(d) = {® € R|&d =
0} is called the L-annihilator of d'in R. If ¢ = {}, then we write
lg (V) instead of Ig {V}.

Lemma 2.6 For a ring R, then the following are equivalent for a
nonzero endo &:

(1) RisR-6-NVLS-ring;

(2) lg(p®) S lg(®6(p)), forany b € R and p, & € NE(R);

1. Aring Ris N£S-ring if R is 15-V £-symmetric, where 15
is the identity endo.
2. Every subring S with 6(S) € § of an 6-V£S-ring is also 6-

NES-ring.

3. R, but the converse does not true (See (Kwak,
2007)Example 2.7(1) ).

4. The concept of 6-N%S-ring is not R-L- 6-NV%S-ring
through the following example.

(3) YOV =0 ifand only if YVA(0") = 0, for any Y € & and

0,V e nE(R);

4 g0 c lﬁ(VG(U’)), forany Y € Rand 0,V € W4(R).
Proof. (1) = (3). Suppose that Y0V = 0 for Y € R and I,V <
NE(R).Foranyv € Y,p € U, & € V Then bp&® = 0, and hence
U®6(p) = 0. Therefore YV&(T) = {T0;@;6(p,): V; €Y, p; €
G’, G)i (S \7} = 0.

The converse is obvious.
[

Lemma 2.7 The class of 6-NV%S-rings is closed under direct
products.

Proof. Note that N*(TlyerRy) S [lyer MVE(R,) and
6,(R,) S R, for each v € . Now, let YOV =0 ,where Y =
(Ux)ver € Ilser g\{r and U = (v )er » V= (®y)yer EE€
N4 (TyerRy) . Thus for v, € R, and p,, &, € N4(R,) ,
VyPydy = 0. Since R, is R-6-NV£S-ring for each x € T, then
U,®,6(py) =0 for each ¥ €T. So we get YV&(T") = 0.
Therefore, the direct product [T,er R, 0f R, is R-6-N£S-ring.

(1) - (2) and (3) — (4) is clear.

Recently, it was proven that if b,p € R, such that 9p = 0 —
pa(0) = 0 (6(p)V = 0), then & is R(L) reversible, and the ring
R is called R(L) 6-reversible if there exist a R(L) reversible endo
6 of R. Aring R is G-reversible (Baser et al., 2009) if it is both
L(R) G-reversible.

Theorem 2.8 Let R be a 6-N£S-ring. Then we have the

following.

1.For DER, p,® € NE(R)and vp =0, then HHE™(P) =
0,p&n6™ () = 0, and Vpe"™(®) = 0,Vn €
Z*. Consequently, R is right 6-reversible ring.

2.Consider 6 is a monomorphism of ®. Then we have the
following.

i.R is NV £-symmetric ring,

ii.Forv € R, p,® € N4(R) and Vp® = 0, then 6" (V)p®d = O
and 06" (p)®d = 0, vn € Z*. Conversely, if 6™ ©)pd =
0,08™(p)& = 0, or Hpa™ (&) = O for some m € Z*, then
Vpd = 0.

Proof. The proof is similar to that of [(Kwak, 2007),

Theorem2.5]. m

EXTENSIONS OF RIGHT 6-M£-SYMMETRIC RINGS :

In this section, we investigate the properly of right 6-V*-
symmetric on some extensions of right 6-N*-symmetric. One
may ask whether the following extensions
Mat,,(R), U, (R),D,.(R), T(%R) and Ru] are right 6-N"~-
symmetric, if ® is right 6-V*-symmetric. According to this,
many results were obtained. Consider an 7 X « upper triangular
matrix ring, matrix ring over R, denoted as U,,(R), Mat,,(R).
Suppose that D,, (R) represents the subring of U,, () where all
diagonal entries are the same.

For any red-ring R, both U,(R) and D,(R) qualify as R-6-
NLS-rings for any given endo 6. However, the following
counterexample demonstrates that there exists a red-ring R with
an endo 6 such that Mat,,(R) does not satisfy the R-6-V£S-
rings condition.
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Example 3.1 An automorphism 6 of Z, defined by:
O-1land1-0

Assume R = Mat,(Z,). Now for Y = (é é) €R, and U =

(g é)V = (8 é) € NME(R) we have YTV = 0 but
=5 )0 oG D=0 oG 1=

é é) # 0. Therefore, Mat,(Z,) is not 6-NV£S-ring.

The trivial extension of a ring & by a (%, R)-bimodule M Ris the
ring T(R, M) = ROM, which can be obtained by the standard
addition and multiplication as follows:

(r;, m) (1, myp) = (Tlrzlf}mzj' myry).
This is isomorphic to the ring (Eg M

) the usual matrix

operations are used. For an endo 6 of a ring R and the trivial
extension T(R, R) of R®, 6: T(R, R) » T(R, R) defined by:

ﬁ<(g s)) (6(6) 6(é))

0 6(%)
is an endo of T(R, R). Since T'(R, 0) is isomorphic to R.

The trivial extension of the red-ring is symmetric by [(Huh et al.,
2005), corollary 2.4]. However, for a R-6-V£S-ring R. T(R, R)
need not be a right -V £S-ring by the following example.

Example 3.2 Suppose the R-6-N"*S-ring
O P\ = 1.5 & o .
R {(0 f)) | 0,p € Z}. Assume 6: R — R be an endo defined

by 6<(3

3)) =(5 ) Teke T =T, Let

1 0 0 0
(6D G s

(o o) (0 %)

CHETIN @y ey
69 60/ E6 Y

ABC = 0 but AC 6(B) # 0. Thus T = T(R,R) is not right 6-
NES-ring.

Proposition 3.3 Consider R is a red-ring, then T(R,R) is a R-
6-NV£S-ring.

Proof. The proof is similar to that of [(Kwak, 2007),
Proposition3.2]. =

The following is an extension of the trivial extension T'(R, R) of
the 6-rg ring to a new ring:

(/0 Uy Vi3 U1in \
0 U Uy U2y _
‘I,,L = 0 0 hV) VU3, : ﬁ,ljl‘j € 91
l 0 0 o0 o J
And,
( 0 v12 l\4)13 ﬁln \
0 0 Uz U2y _
NEED)=<l0 0 o V3, |1 aij ER
o 0 0 0

The endo 6:%, — I, defined by 6 ((ﬁ”)) = (ﬁ(ﬁij)), is
further extended to an endo 6 of a ring R for any 7 > 3. If R is
6-rg then T is not a R-6-V£S-ring by [(Kwak, 2007), Example
3.4]. The following example shows that I, cannot be 6-NV*S-
ring for any » = 4, even if R is an 6-rg ring.
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Example 3.4 Consider 6 is an endo of an 6-rg ring . Note that
6(e) = efore? = e € R. By [(Hong et al., 2000), Proposition 5]
In particular (1) = 1.

Let ABC = O for

0O 1 -1 0 0O 0 0 O
[0 O 0 O 0o 0 0 1 L(&
A=lo 0 o 0>'B‘<0 0 0 1)EV®)
0 0 0 0 0 0 0 O
0 0 0 0
0 0 1 0)\.&
0O 0 0 O
But we have,
ACG&(B)
0 1 -1 0,0 0 0 ON/0 O O O
_[o o o 0> o0 0o 1 o0\l[lo o 0 1
0O 0 0O O 0O 0 0 O 0O 0 0 1
0O 0 0O O 0O 0 0 O 0O 0 0 O
0O 0 1 0
0O 0 0 O
=lo 0 o 0)*&0
0O 0 0 O
Thus I, is not a R-6-N£S-ring.

Theorem 3.5 Consider R is ared-ringand n € Z*. If R isa R-
6-N£S-ring with 6(1) = 1, then R[u]/ < n” > is a R-6-N'£s-
ring, where < u” > is the ideal generated by n™.

Proof. Suppose T = R[u]/<u”>Ifn = 1, then T = R. If
n = 2,thenT = T(R,R) is aright -V £S-ring by Proposition
3.3, Now for n = 3 the prove is similar to the proof of [(Kwak,
2007), Theorem 3.8]. m

From (Harmanci et al., 2021), Consider R is a ring and d a
subring of R and TR, J) = {(r, 72, .., T, 5,5, .. ) IR €R,s €
dl<n,1<1<n,\,n€ Z}. The operations of the ring
T(R,d) are twice addition and multiplication. We provide
sufficient and necessary criteria for [, d] to be 6-V £S-ring in
the following proposition.

Proposition 3.6 Consider R is a ring and d is a subring of R.
Then the following are equivalent:

(1) T[R,d]is R-6-NV£S-ring;

(2) RisR-6-NLS-ring.

Proof. (1) = (2) Let b € R, p, & € NE(R) with ¥ p& = 0. Let
Y=(,00,0,-)€eT[Rd] 0=1(60,0,0,),B8=
(®,0,0,0,-) e NE(T[R,d]) and YOB=0. By(d),
Y36(0) = 0 in T[R, d]. Hence Uc6(p) = 0 and so R is R-6-
NES-ring,

(2) - (1) Assume that Y = (04, Uy, -, Uy, 5,5, -+ ) € T[R, d] and
G = ( F')Ir FSZJ tty FanJ Lt )rB = ((I)IJ (I)Z' tty (I)fm h' h! ) S
NE(T[R, d]) with YOB = 0. Then all components of ' and 3
are nilpotent in R. Since R is R-6-N£S-ring, we obtain

YB6(0) = 0. Hence T[R,d] is R-6-W*S-ring.
]

The polynomial ring over a right N ‘-symmetric is now
examined to see if it is a R-6-NES-ring.

However, the following example shows that the answer is
negative.

Example 3.7 Assume that Z, is the field of integers modulo 2,
and consider A = Z,[Vg, Uy, 2, Po, P1, P2, ®] is the free algebra
of polynomials with zero constant term in non-commuting
intermediates Vg, U4, Y2, Po, P1, P2 and & over Z,. Define an
automorphism 6 of A by :
l\‘)DJ 131!?2! [50; ()1' ‘,)2' (E) - PDJ ")1' ")2'00'01'{)2' @®

Take an ideal I in the ring Z, + A, generated by the following
elements:
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Voo, VopP1 + V1P0, VP2 + V11 + V2P0, V1p2 +

U201, V202, Vo7 Po, V2702, P00, PoU1 + P1V0, PoV2 + P11 +
P200, P10 + P21, PoF Vg, P27 02, (Do + V1 + V)7 (Po +

p1 +02), (po + p1 + F”z)”f(ﬁo +0; +0,), and A aA,
where 7, 7y, 7, 73, 7, € A.

Now R =(Z,+A)/I is symmetric by [(Huh et al,
2005),Example 3.1] and so a R-NV'£-Sring. By [(Mohammadi et
al., 2012), Example 3.6],

we have & € R[u] and Dy + U1n + U2, po + pint + pou? €
NE@RMD. Now BB + B + 9,12 (Po + pint + pou?) =
(®Yg + ®V .+ @V, (Pg + P+ pan2) = dUpPy +
dVPIn + BVHPLU2 + BV Pon + DP9 + BV p,M3 +
@dUPpoU? + BULP1 M3 + BU,Pn* = BVgpg + (BUeP, +
@U1poIN + (DU P, + @V 1 + DV2p0IN* + (@1, +

dV,p N3 + ®U,Ppu? € Iu], but ®d(po + P+
[')2142)6((1“)0 +0n+ szVtz)) = ®(po + pin + P2 (Po +
P+ Pan?) = DPF + DPop1 + DBPop2n + BP;Pomt +
DPTU* + DP1 P13 + BP2 PN + Dp2 P11 + BpInt = @pF +
(@pop1 + ®p1poIn + (Bpop, + B3 + BP2pIn? +

(@p1p2 + @p2p1 I3 + Dp5u* & I[u], because (3, dpop; +
®p1p0, 808 + Dpop2 + BT + Bp2po, BP1P2 +

Dp2p1, ®p3 & I. Hence R[u] is not a R-6-M£S-ring.m
According to Rege and Chhawchharia (Rege&Chhawchharia, 19
97),aring R Armendariz exists if whenever any polynomials
FM) =0V + O+ -+ 0,u™, gn) =pp +pn+ -+
p," € R[n] satisfy #()g(n) = 0, then v;p; = O for each j
and j.

Since Armendariz was the first to demonstrate that a

red-ring always satisfies this criterion, they used this terminolo
gy ([(Armendariz, 1974), Lemma1]). Assume R is a ring with an
endo 6. Recall that the map R[u] - R[] by X%, i -
2o GO

Proposition 3.8 Suppose R is an Armendariz ring then R is R-
6-V£S-ring if and only if ®[u] is a R-6-N £S-ring.

Proof. It also suffices to establish necessity. Let #(n) =
Y12, Ui € Ru and g(n) = Ly ppd, A() =

Y, ot € NE@RM]D)  with #0Wg(AM) =0 and so
U0 =0 for all j§ and F. 0;@:6(p;) =0 since R is
Armendariz and a R-6-N£S-ring. This  vyields
#00AMW) 6(g(W) = 0, therefore, R[u] is a R-6-V£S-ring.

Theorem 3.9 (1) For aring R, if R is 6-rg then R isa R-6-N£S-
ring.
2 If the skew polynomial ring R[w; 6] of a ring R
isaS-ring, then Risa 6-NV£S-ring.
Proof. (1) Consider % is 6-rg. Note that any 6-rg ring is reduced
and 6 is a monomorphism by [(Marks, 2002), P.218]. We show
that R is R-6-V£S-ring. Assume Up& = O forv € Rand p, ® €
NE(R). Then we obtain pv& = 0, since R is reduced (and so
symmetric). Thus,
UO6(P)A(V®E(P)) = BBE(PU®)E®(P) = 0. Since R is G-rg,
V®A(P) = 0 and thus R is a R-6-N£S-ring.
(2) Assume Bp® = O for v, 9, ® € N4(R). Letr = b,s = p, & =
ox € R[n; 6] Then rst = Bpadm = 0 € R[w; 6], since R[u; 6] is
§-ring, we get O =#ts = (VO)np = vO6(P)N, and so
V®A(P) = 0. Thus R is a R-6-V£S-ring. n

The Dorroh extension(For short DoEx) of an algebra R over
a commutative ring S, introduced by Dorroh in 1932(Dorroh,
1932), is a construction that enlarges R by incorporating
elements of R. It is defined as the Abelian group D =R x §
with multiplication given by (ry,s1)(ry,82) = (nry + 511 +
s,71,515;) forall r; € R and s; € S. This operation preserves the
algebraic structure while introducing a direct interaction between
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elements of Rand S. Additionally, any S-linear endo 6 of R
extends naturally to an S, S-algebra homomorphism 6:D — D,
defined by 6(r, s) = (6(r), s), applying & to the first component
while keeping the second component fixed.

Theorem 3.10 Consider R is an algebra equipped with an endo
6 and an identity element, defined over a commutative red-ring
Z. Then R is a R-6-N£S-ring if and only if the DoEx D of R by
Z is R-6-V£S-ring.

Proof. It is clear that V4(D) = (W*(%R),0). Since Z is a
commutative red-ring. Consider (3,0), (p,0) € N*(D(R,2))
and ) eD®Rz) with @DD0B,0) =(H+
£)6,0)(p,0) = (A +8)0p,0). Thus (A+BVp =0, V,p€
NE(R). since R is 6-NVES-ring, we get f+E€Z, (+
8)p6(v) = 0. So (,8)(p,0)6((v,0)) = 0. Thus D(R, Z) is &-
NES-ring.m

SOME  LOCALIZATIONS 6-WL-

SYMMETRIC RINGS:

OF RIGHT

Assume that 6 is a monomorphism of the ring R. The
construction of an over-ring of ®. (A ring R is an over ring of
integral domain d; if d'is a subring of & and R is a subring of the
field of fraction Q(d), the relationship ¢ < & < 9(d)). As
introduced by Jordan, is now under consideration (for more
details, see (Jordan, 1982)). Define Y(%R, 6) as the subset of the
skew Laurent polynomial ring R[w,u~1;6], consisting of
elements of the form u™"gu™ for £ € R and n = 0. Notably, for
m = 0, the relation u™™&u™ = 6~ (&) hold for any & € R. This
implies that for any m > 0, the transformation follows the
pattern:

W EN" = M—(n+m) 6—m(§ unm,
From this, it follows that Y(%R,6) forms a subring of
%[, n~1; 6], equipped with the natural operation:

(M_3§Vl3)(lft—€ﬁlfl€) — Vl_(3+€) 68(&)63 (ﬁ)l't3+€,

And,
U3 + UTEUE = 14_(3"5)(65(%) + 63(ﬁ))143+€, vE 7 € Rand
3,€ > 0.
Notably, Y(%R, 6) serves as an over-ring of %, and the mapping
YR, 6) - Y(R,6) defined by u™28m® - u26(®u°, is an
automorphism of Y(%&, 6).
Jordan established that such an extension Y(®, 6) always exists
for any given pair (R, 6) (Jordan, 1982).
This is achieved using left localization of the skew polynomial
R[u, 6] with respect to the set of powers of u. This extension
Y(%®, 6) is commonly referred to as the Jordan extension of & by
6.
Proposition 4.1 Consider R is a ring with a monomorphism, then
R is R-6-N~S-ring if and only if the Jordan extension Y =
Y(R, 6) is R-6-N£S-ring.

Proof. If R is R-6-N£S-ring, then so is each subring d with
6(Y) c Y. Therefore, it is enough to demonstrate the necessity.
Assume R is 6-V£S-ring and Up& = O where ¥ = 138, u° €
A p=n" 8N ® = nEu’ € NE(A) for 3,6,¢> 0. Then
§ ER and 8 e NE(R). From Upd =0, we get
6F(8)6°(E)6%(E;) =0 and so 6 (&) (E)6(6°()) =
67(8,)63(8;)6°1(8,) = 0 by assumption. Hence b&®6a(p) =
M2 ) (M8 ) (M EE,nE) =

M2E ) (M B M) (M6 (E ) =
M—(3+f+e)6f(§1)63(§3)66+1(§Z)M+(3+f+e) =0.

Therefore, Jordan extension A (R, 6) is right 6-V £S-ring. ]
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Recall that the map Rm,n™1] » Ru,u~1] defined by
© _pamt =2 6(a)n’ is an endo of R, 1] and the
map obviously extends 6.

Proposition 4.2 If & is an Armendariz ring, then the following
claims are equivalent:

(1) RisaR-6-N£S-ring;

(2) R[] is a R-6-N£S-ring;

(3) R[n,m"1]is a R-6-N£S-ring.

Proof. (1) & (2) is proven in proposition 3.8
(2) < (3) Showing necessity is sufficient. Let F(n) €
R, u 1 and BW), BW) € NMERmu1)) with

Then 3In€Z* such that #(n) =
FOUn™ € Ru] and B; (W) = BOn™, 15,00 = BOu™ €

NE@RM] and so F;(W)B; (W)B; (W) = 0. Since R[u] is R-6-
NES-ring, we obtain  F; (W)B;(n) 6(5; (W) = 0. Hence
FOOB0) 6(5(0)) = w3"F; (WK, () (B, (W) = 0. Thus
R, m1] is a R-6-NLS-ring.

(3) = (2) and (3) » (1) are clear.

Proposition 4.3 Assume that R is a ring and that Z(R) is an
infinite subring with all of its nonzero elements regular in R.
Then R is R-6-M£S-ring if and only if R[u] is R-6-NV£S-ring if
and only if R[w; u=1] is R-6-NV£S-ring.

Proof. It is sufficient to demonstrate that, ®[u] is 6-NV~S-ring
when so is R, R[u]is obtained as the subdirect product of an
infinite collection of copies of &, as Z(R) comprises an infinite
subring where each nonzero element is regular in & according to
the hypothesis. Thus R[] is 6-V£S-ring because R is 6-NV£S-
ring by the assumption. m

FOUBWB(W =0

ON RIGHT 6-7£-SYMMETRIC MODULES:

This section extends the idea of a R-6-V"£S-ring to modules
by introducing the notion of a right 6-*-symmetric module,
which is an extension of symmetric modules and generalization
of 6-symmetric modules. Some of the well-established results
which are obtained in section 3 and section 4 are generalized to
right 6-V“-symmetric modules. We introduce the following
definition first.

Definition 5.1 Assume R is a ring and 6 a nonzero endo of .

An R-module M is called a right 6-V£-symmetric modules
(For short R-6-V“S-module) if whenever mab = O for a,b €

NER) and m € M® implies mb6(a) =

Example 5.2:

1. R-1g-N%-symmetric modules are exactly R-6-V*S-
module.

2. For any commutative ring, any module M ¥ is an 6-V£S-
modules.

— ... D D 0 D

. LetD nring, R=1|2 2|, an = 2.

3 et D be a division ring, R [0 D]adcﬂ [0 D]
Then A™ is an 6-N~S-module.

4. ltis clear that 6-symmetric modules are 6-V*S-module but

the converse implication is not true as we see in the
following example.
Example 5.3 Let Z be the ring of integers. We now consider the

ring R = {(B 9) ;0,p, & EZ} and the R-module M% =
{((r)l g) ;g b E Z_} and 6 an homomorphism defined on R by

0 p
0 0

6<( ) where (3 g) €R. R is R-6-NV£S-

5 9=
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module for m = (ﬁ ;) e Mm% and i,k € NE(R) where b =
0 P\ 0 p;
(0 0) k= (0 O)We have,

(e 96 -0
Also,

mis®=(0 )@ ) 8- 9-o
But M ¥ is not 6-symmetric for m = (2 ?)EM (g (2))
k= ((1) g)eiﬁ we have,

mik=(1 D@ o) 0)=(o 3) 0
s mks®) = (7 9)(5 )G 6)=( 2)=o

However, the converse is true if, MR is an 6-rg-module by the
following Lemma.

Lemma 5.4 Let M™% be an 6-rg-module, then the following are
equivalent:

1. M%isan 6-symmetric module;

2. M¥isan 6-W* symmetric module.
Proof. (1) = (2) Itis clear.

(2 = (1) Letmp? =0, forme MFPand peR. If m=0, is
trivial. Then p2 = 0 implies p € V£(R), since M is G-V~
symmetric. Hence mp? = 0 implies mpp =
0 implies mpa(p) = 0, and since M® is an G-rg-module
implies that mp = 0. Therefore, M® is an 6-red-module and by

[(Agayev et al., 2009), Theorem 2.1] MR is an 6-symmetric
module. ]

Proposition 5.5 For a given endo of a ring R and an R-module
M®. The statements below are equivalent:
1. M%is R-6-MES-module,
2. £ga(9(p) S £5a(p6W)), for any b,p € NE(R),
3. YOV =0 if and only if YV&(T) = O,for U,V € N*(R)
andY € Mm%,
NE(R) an

¢3(0V) fy(Vﬁ(fJ’)) for any O
MR,

Proof. (1) - (3) Suppose that YOV = 0, for 0", V € ~*(R) and

Y M% Then 5p@d =0 forany 5 e Y, p € U’and ® €V, and

hence V® 6(p) = Therefore YVa(o) =

i1 0;0:6(p); v, €Y, 0, €0 and &; €V}=0. The

converse is clear. (1) - (2) and (3) — (4) is obvious m

nd Y

Yc

Proposition 5.6 Suppose that % is a ring and 6 an endo of R and
M™* is an R-module. Then we have the following:

1. m()lf)z [Sm = 0 Implles m()ﬁ(l)()ﬁ(z) F')ﬁ(w) = 0 fOr
each permutation & of the set {1,2,...,@}, where p; €
NEi(R)andw € 2+,

2. m0Uy .05 =0 if and only if
/6 (0,) 62(0,) ... Gw(bgy) =0 for any i, iy .. iy €
zZt,

Proof. The proof is similar to the proof of [(Agayev et al., 2009),
Proposition2.4]. [

Proposition 5.7 Suppose R is a ring and 6 an endo of R and R-
module M *. Then we have the following:

1. The class of a R-6-NM£S-modules is closed under
submodules, and direct sums.
2. The direct product of R-6-N*tS-modules is R-6-N*S-

module.
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3. Ifeis acentral idempotent of a ring R with 6(e) = € and
6(1 —¢) = 1 — ¢, then M*® and M 9% are R-6-NV£S-
module if and only if Mm% is right 6-N£S-module.

Proof. (1) Depending on the definitions and algebraic structures,
the proof is straightforward.

(2) Note that M* (TTee; R,) S [Les NE(R,) and 6,(R,) € R,
for each £ € I. Suppose that M % is 6-£S-module for each £ €
I and let MAB =0 where, A= (d)sc;,B=(#)es €
NL(HFEI ﬁ{:) and ]\//T = (mf)fEI S HFEI (J’V\[:RF)- Then
m,d, %, = 0 for each £ € I and m,&,6(4,) = O by hypothesis
since d,, &, € N£(R,) and m, € Mm%« for each £ € L. This
implies MB6(A) = 0, entailing that the direct product
e JVI:R’ is R-6-N£S-module.

(3) Establishing necessity is enough. Assume M ¢% and M 1-9)%
are R-6-N£S-modules. Consider ma# = 0, form € ]\7[5‘, and
a, & e NE(R,), then 0 = emab = m(ed)&. And 0 = (1 —
e)md¥& =m((1—¢)d)#. By hypothesis, we get 0=
mb&a(ed) and 0 = mba(1 —e)d,

0 = m&a(e)a(d) and 0 = mba(1 — €)6(4),

0 = m&eb(d) and 0 = m&(1 —€)6(d),
0 = mbet(d) + mb6(2) — mbel(d),
0 = mb6(d).

M% is a R-6-N£S-module. m
According to (Lee & Zhou, 2004), the module M is said to be
6-reduced, if for each m € M and each 7 € R, with m# = 0
,then mR N #AM = 0.

Lemma 5.8 ([(Raphael, 1975), Lemma 1.2]). Let M be an R-
module. Then the following statements are equivalent:

1. M%is 6-reduced;

2. The following statements are true: For each m € M® and
7 ER,

a.  mP =0 - mRP =mRE(F) = 0;

b. m#~a(#) =0 -»>msi = 0;

c. mP?=0->ms =0.

If the module M¥ is 1-red-module, it is referred to as reduced.
Hence, a ring R is a red-ring if and only if R is is 1-red-module
asan R-module M™% .

Proposition 5.9 Every -reduced module is a R-6-V~S-module.
Proof. Consider m € M ¥ and v, p € N£(R) with mvp = 0, we
prove mpa(b) = 0. We apply conditions of 6-reduced module
in the process. Now 0 = mbp = mUa(p) = 0. Then,
ma(p)Va(p)Y = m(6(AV)G(A(P)D) = m(P)V =
m6(p)6(6(0)) = m&(pa(v)) = mp6(d). Hence M¥ is a R-6-
NES-module. m

The following illustration shows that, in general, Proposition
5.9's converse is not true.

Example 5.10 Consider Z, denote the ring of integer modulo 4.
R = (0 P .54eg G 7R —
Le;the ringR = {(0 ﬁ) ;0,0 € 24} and the R-module M =
{(ﬂ g) ;q,rl,bEZ_4} and a homomorphism 6:R = R is
i ﬁf’_f’—f’Asﬁ-__L_
defined by 6((0 U)) = (0 5 ) M is R-6-V~S-module

but not 6-reduced.
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For, if m = ((2) 2) emM%and 7 = (g

0 0) (0 0)(2 0) (0

OAb”t (o 2 2 1o 2/7\;
M~ # 0. Hence M™% is not 6-reduced.

N A
2) € R. Then m#~” =

0)(2 3

0/\0 2

)Emﬁn

Proposition 5.11 For a ring & and ®-module M™%, Then the
following conditions are equivalent,

M¥is R-6-V£S-module.
Each submodule of M* is R-6-N£S-module.

Each finitely generated submodule of M R s G-NEiS-
module.

Each cyclic submodule of M%is R-6-N£S-module.
Proof. It is a direct result of definitions and Proposition 3.6.

Theorem 5.12 Every flat module over an R-6-N"£S-ring is an R-
6-NV£S-module.

Proof. Assume M™® be a flat module over the R-6-V£S-ring R
elnd 0-K-F- M® > 0 ashort exact sequence with T free
R-module. By [(Lee & Zhou, 2004), Theorem 2.3] is a R-6-
NEs-module and we write M = /K and any element y =
y+BeM® for yeF. Let y4& =0 where 5 € M¥® and
a, & € WE(R). Since M® is flat there exists a homomorphism
#F - Ksuch that * (ya&) = yab Nowsetu =% (y) —y € F.
Then ud# = 0. Since F is R-6-N£Ss-module, u#6(&) = 0.
Then % (y@ﬁ(ci)) = yB&6(&). Since % (y) €K, we have
yB#6(4) € K. Therefore 3&6(&) = 0. Therefore M% is R-6-
NLS-module. m

Proposition 5.13 Assume R, d are rings and 9: R — d be a ring
endo. If MY is a right R-module, then 3 ®is a right R-module
viamr = mo(r) forall r € R and m € M. Moreover, M ¥ is
R-6-N£S-module, if and only if MY is R-6-V£S-module.
Proof. Let M9 be an R-6-N%S-module. Consider 4,4 €
NE(R) and m € M Such that md# = 0 Then m9(a#) =
mI(&)9(#) = 0. Since M9 is R-6-N£S-module, we have,
md(4)6(9(a)) =0,

mI(H)9(E) = 0,

md(66(a)) = 0.
Hence M ¥ is a 6-£S-module.
Conversely. Assume that 9 is onto and M® is a R-6-NES-
module. Let U,p € N£(d) and m € M9 such that mbp = 0.
Since 9 is onto, there exists &, & € N£(R) such that § = 9(&)
and p=9(&). Then 0 =mI(&)I(#) =mI(ak) =mab.
Since M® is right 6-NV£S-module, we have 0 = m&6(4).
Hence 0 =md(46(Q)) =0 =mI(BH)6(9(A)) = mpa(d).
Thus M9 is R-6-V£S-module. =

Now we study the N “-symmetric property on some module
extensions and module localizations like

M), Mnu,n=1], Mn,u1;6].

The following concepts were introduced by Lee and Zhou. For a
module M, We examine M[u] = {Ti_,mui:s>0,m; €
M}, M[w] is an Abelian group under clearly addition operation.
Additionally, the next, scalar product operation turns M [u] into
a right ®[u]-module:

For m(w) = ¥5_om,un® € M[u] and f(n) =XL_,a,n” €

3+e€

Ru],
meof =y (> moa, |2

d=0 \o+6=d
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M u] becomes a right module over R[u] as a result of these
operations. In the same way, the Laurent polynomial extension
M [, 1~ 1] becomes a right module over R[u, =] with a similar
scalar product. Zhou and Lee (Lee & Zhou, 2004) also introduced
notations for M module as,

Mw; 6] = {Zf:o myn’ |p=0,m, € ﬁ[} Each of the above
is abelian group underneath the addition condition. Furthermore,
M[w; 6] is a module for R[w; 6] under the product operation as:

w
m) = Z m,n’ € M[w; 6],
o=0

00 =" fyu® € Rlw; 6]
0=0

u+o
< > moa"(fo))wi
ot+v=d

ZOUOEDY
a=0
In the same way, the skew Laurent polynomial module
M [n,n~1; 6] transforms into a module on R[u, n=1; 6].
Again, from (Lee & Zhou, 2004), module M is known as 6-
Armendariz if the below conditions holds: (i) For m € M and
a € R,ma =0 for the case if mti(a) = 0 (ii) any m(n) =
Y _om,un® € M[u; 6] and fO0) =34 pam €
Riw 6], mOWf () = 0 imply m, 6 (as) = 0 for all o and 9.
And then, Anderson and Camillo (Anderson & Camillo, 1999),
extended the concept of Armendariz ring to Armendariz module,
as follows: A ®-module M¥ is Armendariz when, if m(n) =
Zg:o m,n® € M[u] and g(n) = =0 aén@ € R[u], such that
mm)g(n) = 0 implies m, a, =0 for all ¢ and 6. The
Armendariz property is applicable for any finite product of
polynomials. Clearly, R is an Armendariz ring if and only if &
is an Armendariz ®-module.

Theorem 5.14 Consider M ¥ is a 6-Armendariz module. Then,
the statements that follow are equivalent:

1. M®is R-6-NLS-module;
2. M[w; 608 js R-6-NV£S-module;
3. M[wwuL; 6856 s R-6-NVLS-module.

Proof. It suffices to demonstrate that 1 = 3. Let m(n) =
S o mon® € M[n,u1; 676 and AMm) =
Tolo an®, Bn) = Yomgnt € NE@R[, L 6]). Then we
obtain ag, b, € NE(R). Let m(0)AM) B(w) = 0 this implies
m,agh, = 0 for all ¢, 6,q. Thus, by hypothesis m,b,a; = 0.
Therefore m(nW)B(n) A) = 0, and so M [, u=1; ] R 6] s
aR-6-NV%S-module. m

Corollary 5.15 Consider M® be an Armendariz module. Then
the following are equivalent:

1. Mm% isR-6-N£S-module;
2. MMM is R-6-V£S-module;
3. M[wu 1B s R-6-V£S-module.

Proposition 5.16 Consider 6 is an endo of aring R and MRis 6-
reduced module. Then M ®is R-6-V£S-module over & if and
only if ME[u]/MR[m](n™) is R-6-N£S-module over i[i
integer n > 2.

Proof. Let M% is right 6-N£S-module with pgh = 0, where
=+ < u™ >. Note that a, byc, i */** = 0, for each o, 6 and
q with o + 0 + q = =n. Therefore, it is sufficient to display the

cases o+ 0+q<mn-—1. Since pgh=0, The following
equations are available to us:

for

(1) mpsoto =0,
(2) m050t1 + m051t0 + m150t0 = 0,
(3) moéotz + moéltl + moézto + m150t1 + m151t0 +

mzéoto = 0,
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(n—2) mpsot_y +medit,_g+ --+m,_ 381,
+m, 80t =0,
(n—1) mpsot_1 + Moty + - +m,_,80%;
+m,_8tg + m,_180to = 0.
Since M™® is G-reduced for any m € M*,a € R, ma? =0 -
ma = 0, and each 6-reduced module is semi-commutative.
These facts are used as follows:
Eq(l) and Eq(2) X 8oty gives my(8p%t)? =0, and so
my8pto =0 and mpspt; + mps,ty = 0, multiplying by
81t gives 0 = my s, (£0°) = Mp81t0, SO We have, mpspt; =
0,mps811ty = 0 and my 801, = 0. From Eq(1),(2) and (3) X
Soto, We get my 801, = 0 and,

Mp8pty, + M1ty + Mty + My8pty + mys1to =0, in
a similar way. If we multiply the right side of Eq(3) by
811, 80%1,82t9 and 8., respectively, then we obtain
my81tg = 0,m 80t = 0,mps,t5 = 0,mps8,£, =0, and
mp8pt, = O in turn Inductively we assume that m,.s,%, = O
where o +0+q=0,1,..,(m—2). We apply the above
method to Eq.(n — 1). First, the induction hypotheses and
Eq.(n — 1) X 89ty give my,_180%t, = 0 and,

(n—1) mpsptp_1+medity o+ +m, 280t
+m, 81ty + m,_180to = 0.
If we multiply Eq. (2 — 1) on the right side by 8,%p,80%1, -
and s;%,_, respectively, then we obtain m,_,8,%, =
0,my_»80t; =0, ...,mp81tp_, = 0 and s0 myspt,_1 = 0.
In turn. This shows that m,s,%, = O for all ¢, and ¢ with o +
0+ q = n — 1. Consequently, m,s;t, = 0 for all ¢,0 and ¢
with o+ 6 < n —1, and thus m,£,6°(s;) = 0,Vo € Z* by
[(Kwak, 2007), Theorem 2.5(1)]. This yields ph6i(q) = 0, and
therefore M % [u]/M % [u](u™) is R-6-NV£S-module. n

If ur = 0 implies r = 0 for r € R, then an element u of a ring
R is right regular. Regular indicates that it is both left and right
regular (and so not a zero divisor), while left regular is defined
similarly. Assume that M is a subset of R that is multiplicatively
closed and made up of central regular elements. Let & be an
automorphism of R and consider 6(m) = m,vm € M. Then
6(m™) =m=1 in MR and the induced map 6: M 1R -
M-IR defined by G la)=u"l6(a) is also an
automorphism.

Proposition 5.17 Consider a ring R and a subset Q of R that is
multiplicatively closed and consists of central regular elements.
Then
(1) RisaR-6-V£S-ringif and only if is Q'R is a R-6-V£S-
ring.
(2) A module MRis R-6-NEs-module if and only if
QLMY s a R-6-N£S-module.
Proof.(1) Assume xtk =0 with x=4"14,v=7"18k=
WY, a0, €Q and & €R’, &,¢ée NH(R). Since Q is
included in the centre of R,
we have 0 =xok =4 145 16w 1¢ =
(@ % L V)ake = (@) 1abé and so sdbé = 0 for
some & € Q. But R is R-6-N*S-ring by the condition, so
&iéﬁ({?) =0 and sxr0(t) =
s(@ ') (@6 ((7718)) = s(@awd) ' ac6(¥) = 0.
Hence Q™R is R-6-NV£S-ring.
(2) Since a submodule of a R-6-N*S-module is likewise a R-6-
NES-module, it is sufficient to verify the required condition.
Assume that MRis a R-6-V£S-module and
@M@ =0 for ¢ 'me QIR and
p,071p € NEQIR) where me ME v,p € MER).
Since Q is included in the centre of R, we have 0 =
(@™'m) () (e71p) = (8£#)"'mdp and so O = mup. By
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assumption mp&(v) = 0. Therefore (¢™'m)(c~1p)a(u~1v) =
(@ 'm) (o7 p)(16®)) = 0. Hence Q'MY'® is a R-6-
NES-module. m

Corollary 5.18 (1) For a ring R, R[u] is R-6-N£S-ring if and
only if is R[u; u~1] a R-6-NV£S-ring.

(2) For a R-module M®, 7 [n]**] is R-6-V£S-module if and
only if M [x, 2~ 1]%%+ 7 js a R-6-N£S-module.

Proof (1). Consider Q = {1,u,u?---}. Then clearly Q is a
multiplicatively closed subset of ®[u]. Since R[u;n 1] =
Q~1R[u], it follows that R[w;u~1] is right 6-N~S-ring by
proposition 5.17(1).

(2) It is evident from proposition 5.17(2). if Q = {1,n,1?,...}.
Then Q is a multiplicatively closed subset of R[u] consisting of
regular central element of R[u]. Since Q1M [W]RM =
M [, R0 T and Q1R[] = R[w; 1] [

Q(R) is a classical right quotient for R if every regular element
of R is invertible in Q and every element of O can be written in
the form ab~* with a, b € R and b regular.

A right Ore ring is a ring R where, for any a, b € R with b
being regular, 3a;, b; € R with b; also regular, such that ab; =
ba;. It is well known that R is a right ore ring if and only if its
classical right quotient ring Q(R) exists. Now, suppose R is a
ring with the classical right quotient ring Q(R). Then any
automorphism 6 of R extends to Q(*R) by defining its action on
fractions as 6(ab™1) = (a)(6(b))~* for all a, b € R, provided
that 6(b) remains regular whenever b is a regular element in .

Theorem 5.19 Consider R is Ore ring with an endo 6 of R and
Q(R) is the classical right quotient ring N7 ring of . Then
(1) RisaR-6-N~£S-ringifand only if Q(R)is a R-6-NV£S-ring.
(2) M%isaR-6-NLs-module if and only if Q(77) is a R-6-
NES-module.
Proof. (1) Consider R is a R-6-N£S-ring. Assume A = au~' €
0O and B=bv L,C=cw e NYOQ®R)with ABC =
ap~t bv~lcw=1! where a,u € R and b,v,c, w € NE(R) with
w, v, w regular. Let O(R)be an N7 ring Then R is M7 and so
b,c € N4(R). 3 ¢, by € R with by regular such that be, = cb,
and ¢;b7! = b~1c. Now 3 yy, b; € R with p, regular such that
buy = uby ,u~*b = byu;t. Hence ABC = ap‘bvlcw™ =
abjui™v lcw ™t = 0. Let I and J be the ideals in Q(R),
generated by B and C within V£(0(R)), respectively. Then each
of IandJare Nt withb = Bv € I, ¢ = Cw € J, Since R is right
Ore, for c,v € N£(R) 3 ¢;, v, € NE(R) with vy regular such
that cv; = vey,v™'c = cqvyt .Here note that ¢; € N4 (R).
Indeed, vc, = cvy €] and so ¢; = v 1(vey) €]. So ABC =
abjuitcvit wt = 0.
Similarly, also there exists ¢, € N4(R) and p, € R with p,
regular such that c;u, = pycy, puytcy = cpuyt, Thus, we obtain
that ABC = ab,c, u;'vy*w=! = 0 and hence ab,c, = 0. This
implies O = ab;,c,u = aub,c, = abuyc, = abcypy, and 0 =
abc, = abcyuy = abyyc, = abciy,. S0 we have 0 = abc; =
abc,v = abve, = abev. It follows that acG(b) = 0, since R is
aR-6-V£S-ring.
Similar, there exists c3, by, w,, by € NE(R) and p3, pu, € R with
Us, W3, g Tegular such that cus = pcs, utc = czuzl, bw, =
why, w™'h = byw, ™Y, bypty = Usby, and, AC6(B) =
acspuz*w t6(h)6(v) ™! = aczuzth,w; t6(w) 7t =
acsbyuztw;t6(v)"t. Form ac6(b) =0. We have O
act(b)w, = acwb, = ach,w, and hence O = ach,
acbyu, = acuzb, = acbyus. It follows that,
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0 = ach, = acbyus = acusb, = aucsb, = aczbyu, and hence
acsb, = 0. Now we have AC6(B) = 0, therefore Q(R) is a R-
6-N£S-ring.
(2) Assume that M® is a R-6-N£S-module. Let A4 = au~t e
0(M) and B=bv,C =cot € N5(Q(R)) with ABC =
ap~t bv=lcwtwhere a,u € M¥ and b, v,c,w € NE(R) with
1, v, w regular. Let Q(R) be an N7 ring Then R is 7 and so
b,c € N4(R).then 3 ¢;, b, € R with by regular such that be; =
cby and ¢; byt = b~c. Now3 p; € M, b, € R with uy regular
such that by, = uby,u~'b = bu;t. Hence ABC=

au~tbv~tco™t = abjuiv tcw™t = 0. Let I and J be the
ideals in Q(R), generated by B and € within M£(Q(R)),
respectively. Then each of I and J are V£ with b = Bv € I and
c=Cw € J, Since R is right Ore, for c,v € N£(R) 3¢y, v, €
NE@R) with v, regular such that cv; = vy, v™1c = cyvyt
Here note that ¢; € N£(R) . Indeed, vc; = cv; € Jandso ¢y =
v~ 1(vcy) € ].S0 ABC = abyuitcivit 0™t = 0.
Similarly, also 3 ¢, € N£(R)and u, € MF with y, regular
such that ciu, = pycy, uytcy = cpuzt, Thus, we obtain that
ABC = abyc, uy;'vitw™' = 0 and hence ab;c, = 0. This
implies O = ab;c,u = aub,c, = abuyc, = abcypy, and 0 =
abc, = abcyuy = abu,c, = abcypy. S0 we have 0 = abc; =
abcyv = abve, = abev. It follows that ac6(b) = 0, since MR
is a R-6-V£S-module.

Similar, 3cs, by, wy, by € NE(R) and ps, py € MF with

Us, Wo, ly Tegular such that cug = pcy, u=c = czuzt, bw, =
Wby, w b = byw, ™Y, by = ughy, and, ACG(B) =
acspztw M 6(b)6(w) ! = acsuzthyw; tG(w) Tt =
acshyu;lw;t6(w)"t. Form act(b) =0. We have O
act(b)w, = acwb, = acb,w, and hence O = ach,
acbyu, = acuszb, = acbyus. 1t follows that, O = ach,
acbyus = acuszb, = aucsb, = acsbuu, and hence acsb, = 0.
Now we have ACG(B) = 0, therefore Q(M) is a R-6-V£S-
module. ]

CONCLUSION

This article introduced the concept right 6 -N* symmetric
rings and then extends it to right 6-N* symmetric modules,
which serve as generalizations of both 6-symmetric rings and &-
symmetric modules. Several results were founded as the
characterization of 6-“-symmetric rings in section 2, also for
6-V£-symmetric modules in section 5. In addition to that we
investigated the concept of an 6-V“-symmetric rings on some of
ring extensions and localizations in section 3 and 4, also for 6-
N £-symmetric modules in section. As a proposal for a future
work, the following questions are presented,;

1. Are all right 6-V£-symmetric rings and 6-V£-symmetric
modules necessarily non-commutative?

2. Is there a relationship between 6-N4-symmetric module and
6-semi-commutative?

3.Are there a class of modules which are V*-symmetric over
their endomorphism?
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