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Abstract 
In this paper we study the periodic solution of nonlinear system of differential equations 

depending on the gamma distribution by using the numerical analytic method to investigate 
periodic solutions of ordinary differential equation which given by Samoilenko A. M. .These 
investigations lead us to  improving and extending  this  method. Also we expand the results 
gained by Samoilenko A. M.  to change the periodic system of nonlinear differential 
equations to periodic system of nonlinear differential equations depending the on gamma 
distribution. 
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1.Introduction. 

hey are many subjects in physics and technology using mathematical methods that 
depends on the linear and nonlinear differential equations, and it become clear that 

the existence of periodic solutions and its algorithm structure form  important problems, to 
present time where many of studies and researches [1,4,5,6] dedicates for treatment the 
autonomous and non-autonomous periodic systems and specially with differential 
equations. 

Numerical-analytic method [1,2,3,5] owing to the great possibilities of exploiting 
computers are becoming versatile means of the finding and approximate construction of 
periodic solutions of  differential equations. Samoilenko [4] assumes the numerical-
analytic method to study the periodic solutions for ordinary differential equations and its  
algorithm structure and this method  include uniformly sequences of periodic functions 
and the results of that study is using of the periodic solutions on wide range in the 
difference of new processes industry and technology as in [3,5,6].  

Samoilenko[4] has been used the numerical-analytic method to studythe periodic 
solution for nonlinear system of differential equation which has the form: 

ݔ݀
ݐ݀

ൌ ݂ሺݐ, ⋯					ሻݔ ሺ1.1ሻ 

where 
ݔ ∈ ,	ܦ  		݀݁ݐܿ݁݊݊݋ܿ	݀݊ܽ	݊݅ܽ݉݋݀	݀݁݀݊ݑ݋ܾ	݂݋	݁ݎݑݏ݋݈ܿ	݄݁ݐ	ݏ݅	ܦ		݀݊ܽ		ݐ	݈ܽ݁ݎ	݈݈ܽ
݅݊	ܴ௡.  
In this study we have employed the numerical-analytic method of Samoilenko 
 .[4] to investigate the existence and approximation of periodic solution for nonlinear 

system of differential equations which depends on th  gamma distribution. The study of 
such differential equations leads to improving and extending Samoilenko  method [4 ]. 

Thus, the differential equations which depends on the gamma distribution that we have 
introduced in this study, becomes more general and detailed than those introduced by 
Samoilenko  .[4]. The study is considered a theoretical one, however, the results that we 
have got, many several applications in the physical field  as well as mathematical 
problems. 

Consider the following system of  differential equations which has the form  

T
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ݔ݀
ݐ݀

ൌ ݂ሺݐ, ,ݐሺߛ ,ሻߙ ⋯	ሻݔ ሺ1.2ሻ 

 ݁ݎ݄݁ݓ
ݔ	 ∈  		݀݁ݐܿ݁݊݊݋ܿ	݀݊ܽ	݊݅ܽ݉݋݀	݀݁݀݊ݑ݋ܾ	݂݋	݁ݎݑݏ݋݈ܿ	݄݁ݐ	ݏ݅	ܦ			,	ܦ

݅݊	ܴ௡.	The vector function ݂ሺݐ, ,ݐሺߛ ,ሻߙ  :ሻ is defined on the domainݔ
ሺݐ, ,ݐሺߛ ,ሻߙ ሻݔ ∈ ܴଵ ൈ ሾ0, ܶሿ ൈ ܦ ൌ ሺെ∞,∞ሻ ൈ ሾ0, ܶሿ ൈ 													ܦ ⋯ ሺ1.3ሻ 

Continuous for all variables, periodic in ݐ of period ܶ and satisfies the inequalities: 
|݂ሺݐ, ,ݐሺߛ ,ሻߙ |ሻݔ ൑ ,			ఈܯܯ ఈܯ ൐ 0																												 ⋯ ሺ1.4ሻ 
|݂ሺݐ, ,ݐሺߛ ,ሻߙ ଵሻݔ െ ݂ሺݐ, ,ݐሺߛ ,ሻߙ |ଶሻݔ ൑ ଵݔ|ܭఈሺܯ െ  ଶ|ሻݔ

⋯ሺ1.5ሻ 
for all ݐ ∈ ܴଵ and ݔ, ,ଵݔ ଶݔ ∈ ܯ where	,ܦ ൌ ሺܯଵ,ܯଶ,⋯  ௡ሻis a positive constant vectorsܯ,
and the gamma distribution is defined as 

,ݐሺߛ ሻߙ ൌ
ఈିଵ݁ି௧ݐ

Γሺߙሻ
ߙ			,				 ൐ 0	,

where									ܶ ൏ ሺ
Γሺߙ ൅ 1ሻ
ሺߙ ൅ 1ሻ

ሻ
ଵ
ఈ	.
ۙ
ۖ
ۘ

ۖ
ۗ

																																																													⋯ ሺ1.6ሻ 

We define the non-empty sets as follows: 

ఊ௙ܦ ൌ ܦ െܯܯఈ
ܶ
2
……………………… . ሺ1.7ሻ 

Furthermore, we suppose that the greatest eigen value ߣ௠௔௫ of the matrix 

Λ ൌ ܭ	ఈܯ
்

ଶ
						does not exceed unity, i.e. 

௠௔௫ሺΛሻߣ ൏ 1																																																																																																									 ⋯ ሺ1.8ሻ 
Lemma 1.1[4]. Let ݂ሺݐሻ be a continuous vector function defined on the interval 
ሾ0, ܶሿ,	then 

ቮනሺ݂ሺݏሻ െ
1
ܶ
න݂ሺݏሻ݀ݏ

்

଴

ሻ݀ݏ

௧

଴

ቮ ൑ ሻݐሺߙ max
௧∈ሾ଴,்ሿ

|݂ሺݐሻ| 

where ߙሺݐሻ ൌ ሺ1ݐ2 െ ௧

்
ሻ. (For the proof see [4]) . 

By using Lemma 1.1 , we can state and prove the following Lemma.  
Lemma 1.2. Suppose that the  function	ߛሺݐ,  is continuous on	 ሻ of  gamma distributionߙ
the interval ሾ0, ܶሿ. Then 

ቮනሺߛሺݏ, ሻߙ െ
1
ܶ
නߛሺݏ, ݏሻ݀ߙ

்

଴

ሻ݀ݏ

௧

଴

ቮ ൑  ሻݐሺߙఈܯ

is hold for all values of ߙ	. where  ܯఈ ൌ max௧∈ሾ଴,்ሿ|ߛሺݐ,  .|ሻߙ
 
 
Proof. Taking 

ቮනሺߛሺݏ, ሻߙ െ
1
ܶ
නߛሺݏ, ݏሻ݀ߙ

்

଴

ሻ݀ݏ

௧

଴

ቮ ൑ ൬1 െ
ݐ
ܶ
൰න|ߣሺݏ, ݏ݀|ሻߙ

்

௧

൅
ݐ
ܶ
න|ߣሺݏ, |ሻߙ

்

௧

 ݏ݀

ൌ ൬1 െ
ݐ
ܶ
൰න

ܶఈିଵ݁ି௧

Γሺߙሻ

௧

଴

ݏ݀ ൅
ݐ
ܶ
න
ܶఈିଵ݁ି௧

Γሺߙሻ

்

௧

 ݏ݀

൑
ܶఈିଵ݁ି௧

Γሺߙሻ
൤൬1 െ

ݐ
ܶ
൰ ݐ ൅

ݐ
ܶ
ሺܶ െ  													ሻ൨ݐ

                                             ൌ   ఈܯ		ሻݐሺߙ
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so that 

ቮනሺߛሺݏ, ሻߙ െ
1
ܶ
නߛሺݏ, ݏሻ݀ߙ

்

଴

ሻ݀ݏ

௧

଴

ቮ ൑ ఈܯሻݐሺߙ ⋯ሺ1.10ሻ 

for all ݐ ∈ ሾ0, ܶሿ and ߙሺݐሻ ൑ ்

ଶ
	.	 

2. Approximate solution. 
The investigation of periodic approximate solution of  (1.2) is  
formulated by the following theorem. 
Theorem 2.1.If the system (1.2) satisfy the inequalities (1.4),(1.5) and  conditions 
(1.6),(1.7) has a periodic solution ݔ ൌ ,ݐሺݔ ,ݐሺߛ ,ሻߙ  , then the sequence of functions	଴ሻݔ

,ݐ௠ାଵሺݔ ,ݐሺߛ ,ሻߙ ଴ሻݔ ൌ ଴ݔ ൅ නሾ݂ሺݏ, ,ݏሺߛ ,ሻߙ ,ݏ௠ሺݔ ,ݏሺߛ ,ሻߙ ଴ሻݔ

௧

଴

	 

െ
1
ܶ
නሺ݂ሺݏ, ,ݏሺߛ ,ሻߙ ,ݏ௠ሺݔ ,ݏሺߛ ,ሻߙ ݏሿ݀ݏ଴ሻ݀ݔ

்

଴

… . ሺ2.1ሻ 

 
 
with  
,ݐ଴ሺݔ ,ݐሺߛ ,ሻߙ ଴ሻݔ ൌ ݉																				,	଴ݔ ൌ 0,1,2,⋯ 
is periodic in ݐ of period ܶ, and uniformly convergent to the limit function 
,ݐ଴ሺݔ ,ݐሺߛ ,ሻߙ ݉ ଴ሻ  asݔ → ∞ in the domain 
ሺݐ, ,ݐሺߛ ,ሻߙ ଴ሻݔ ∈ ܴଵ ൈ ሾ0, ܶሿ ൈ ఊ௙ܦ ⋯ ሺ2.2ሻ 
  periodic in ݐ of period ܶ and satisfying the system of integral equations 

,ݐሺݔ ,ݐሺߛ ,ሻߙ ଴ሻݔ ൌ ଴ݔ ൅ නሾ݂ሺݏ, ,ݏሺߛ ,ሻߙ ,ݏሺݔ ,ݏሺߛ ,ሻߙ 	଴ሻݔ

௧

଴

 

െ
1
ܶ
නሺ݂ሺݏ, ,ݏሺߛ ,ሻߙ ,ݏሺݔ ,ݏሺߛ ,ሻߙ ݏሿ݀ݏ଴ሻ݀ݔ

்

଴

 

							⋯ ሺ2.3ሻ 
 
which is a unique solution of the problem (1.2) provided that: 
 

,ݐ଴ሺݔ| ,ݐሺߛ ,ሻߙ ଴ሻݔ െ |଴ݔ ൑ ⋯								……………………ሻݐሺߙ	ఈܯ	ܯ ሺ2.4ሻ 
and 

,ݐ଴ሺݔ| ,ݐሺߛ ,ሻߙ ଴ሻݔ െ ,ݐ௠ሺݔ ,ݐሺߛ ,ሻߙ |଴ሻݔ ൑ Λ௠ሺܧ െ Λሻିଵܯ	ܯఈ	ߙሺݐሻ	⋯ ሺ2.5ሻ 
for all ݉ ൒ 1 and ݐ ∈ ܴଵ, where ܧ is the identity matrix. 
 
 
 
 :ࢌ࢕࢕࢘ࡼ
 By Lemma 1.1, 1.2 and using (2.1), when ݉ ൌ 0, we get: 

,ݐଵሺݔ| ,ݐሺߛ ,ሻߙ ଴ሻݔ െ |଴ݔ ൑ ሺ1 െ
ݐ
ܶ
ሻන|݂ሺݏ, ,ݏሺߛ ,ሻߙ ,଴ݔ න ݃ሺ߬, ,ሺ߬ߛ ,ሻߙ ଴ሻݔ

௦ା்

௦

݀߬ሻ|݀ݏ	

௧

଴
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൅
ݐ
ܶ
න|݂ሺݏ, ,ݏሺߛ ,ሻߙ ,଴ݔ න ݃ሺ߬, ,ሺ߬ߛ ,ሻߙ ଴ሻݔ

௦ା்

௦

்

௧

݀߬ሻ|݀ݏ													 

									൑ ሺ1 െ
ݐ
ܶ
ሻනܯ	ܯఈ

௧

଴

ݏ݀ ൅
ݐ
ܶ
නܯ

்

௧

 ݏ݀	ఈܯ

ൌ ሾሺ1	ఈܯ	ܯ െ
ݐ
ܶ
ሻݐ ൅

ݐ
ܶ
ሺܶ െ  				ሻሿݐ

                                                    ൌ ሺ1ݐ2 െ ௧

்
ሻ		ܯ	ܯఈ 

ൌ  																																						ఈܯ	ܯ	ሻݐሺߙ
So that 
,ݐଵሺݔ| ,ݐሺߛ ,ሻߙ ଴ሻݔ െ |଴ݔ ൑ ⋯ሻݐሺߙఈܯ	ܯ ሺ2.6ሻ 
i.e. ݔଵሺݐ, ,ݐሺߛ ,ሻߙ ଴ሻݔ ∈ ݐ for all	,ܦ ∈ ܴଵ, ଴ݔ ∈  .	ఊ௙ܦ
 
Thus by mathematical induction, we find that: 

,ݐ௠ሺݔ| ,ݐሺߛ ,ሻߙ ଴ሻݔ െ |଴ݔ ൑ ⋯ሻݐሺߙఈܯ	ܯ ሺ2.8ሻ 
for all ݐ ∈ ܴଵ and ݔ଴ ∈  .ఊ௙ܦ
i.e. ݔ௠ሺݐ, ,ݐሺߛ ,ሻߙ ଴ሻݔ ∈ ݐ for all ,ܦ ∈ ܴଵ and ݔ଴ ∈  .ఊ௙ܦ
We claim that the sequence of functions (2.1) is uniformly convergent on the  
domain (2.2). 
By using the Lemmas 1.1,1.2 and putting ݉ ൌ 1 in (2.1), we have: 

,ݐଶሺݔ| ,ݐሺߛ ,ሻߙ ଴ሻݔ െ ,ݐଵሺݔ ,ݐሺߛ ,ሻߙ |଴ሻݔ ൑ ሾሺ1ܭ െ
ݐ
ܶ
ሻන|ߛሺݏ, ,ݏଵሺݔ||ሻߙ ,ݏሺߛ ,ሻߙ ଴ሻݔ െ 	ݏ݀|଴ݔ

௧

଴

 

			൅
ݐ
ܶ
න|ߛሺݏ, |ሻߙ

்

௧

,ݏଵሺݔ| ,ݏሺߛ ,ሻߙ ଴ሻݔ െ  										ሿݏ݀|଴ݔ

൑ ܭఈܯ	ܯ	ఈܯ
ܶ
2
 ሻݐሺߙ

,ݐଶሺݔ| ,ݐሺߛ ,ሻߙ ଴ሻݔ െ ,ݐଵሺݔ ,ݐሺߛ ,ሻߙ |଴ሻݔ ൑ ఈܯ	ܯ
ଶܭ

ܶ
2
⋯ሻݐሺߙ ሺ2.9ሻ 

Suppose that the following inequality is true 

,ݐ௠ሺݔ| ,ݐሺߛ ,ሻߙ ଴ሻݔ െ ,ݐ௠ିଵሺݔ ,ݐሺߛ ,ሻߙ |଴ሻݔ ൑ ఈܯ	ܯ
௠ሾܭ

ܶ
2
ሿ௠ିଵߙሺݐሻ 

⋯ሺ2.10ሻ 
for all ݉ ൒ 1. 
Now, we shall prove the following: 
,ݐ௠ାଵሺݔ| ,ݐሺߛ ,ሻߙ ଴ሻݔ െ ,ݐ௠ሺݔ ,ݐሺߛ ,ሻߙ  	|଴ሻݔ

൑ ሾ൬1ܭ െ
ݐ
ܶ
൰නܯఈ

௧

଴

,ݏ௠ሺݔ|	 ,ݏሺߛ ,ሻߙ ଴ሻݔ െ ,ݏ௠ିଵሺݔ ,ݐሺߛ ,ሻߙ  ݏ݀|଴ሻݔ

൅
ݐ
ܶ
නܯఈ

்

௧

,ݏ௠ሺݔ| ,ݏሺߛ ,ሻߙ ଴ሻݔ െ ,ݏ௠ିଵሺݔ ,ݐሺߛ ,ሻߙ ሿݏ݀|଴ሻݔ ൑			 

൑ ൬1 െ
ݐ
ܶ
൰නܯఈ

௧

଴

ఈܯ	ܯ
௠ ൤ܭ

ܶ
2
൨
௠ିଵ

 											ݏሻ݀ݏሺߙ	
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൅
ݐ
ܶ
නܯఈ

்

௧

ఈܯ	ܯ
௠ ൤ܭ

ܶ
2
൨
௠ିଵ

 																ݏሻ݀ݏሺߙ

																																																										 

ൌ ఈܯ	ܯ	 ൤ܯఈܭ
ܶ
2
൨
௠

 																																																																ሻݐሺߙ

and hence 

,ݐ௠ାଵሺݔ| ,ݐሺߛ ,ሻߙ ଴ሻݔ െ ,ݐ௠ሺݔ ,ݐሺߛ ,ሻߙ |଴ሻݔ ൑ ఈܯܯ ൤ܯఈܭ
ܶ
2
൨
௠

⋯ሻݐሺߙ ሺ2.11ሻ 

for all ݉ ൒ 0	. 
From (2.11) we conclude that for any݇ ൒ 1, we have the inequality 

,ݐ௠ା௞ሺݔ| ,ݐሺߛ ,ሻߙ ଴ሻݔ െ ,ݐ௠ሺݔ ,ݐሺߛ ,ሻߙ |଴ሻݔ ൑ ෍Λ௠ା௜	ܯ	ܯఈ

௞ିଵ

௜ୀ଴

 ሻݐሺߙ	

such that 
,ݐ௠ା௞ሺݔ| ,ݐሺߛ ,ሻߙ ଴ሻݔ െ ,ݐ௠ሺݔ ,ݐሺߛ ,ሻߙ  	|଴ሻݔ
                                                               
൑ ∑ ,ݐ௠ାଵା௜ሺݔ| ,ݐሺߛ ,ሻߙ ଴ሻݔ െ ,ݐ௠ା௜ሺݔ ,ݐሺߛ ,ሻߙ |଴ሻݔ

ஶ
௜ୀ଴ 	 

								൑ ෍ܯܯఈߙሺݐሻ	Λ௠ାଵା௜		

ஶ

௜ୀ଴

 

												൑ 		Λ௜ାଵ	Λ௠෍	ሻݐሺߙ	ఈܯ	ܯ

ஶ

௜ୀ଴

 

													൑ ሺE	Λ௠	ሻݐሺߙ	ఈܯ	ܯ െ Λሻିଵ 
so that 
,ݐ௠ା௞ሺݔ| ,ݐሺߛ ,ሻߙ ଴ሻݔ െ ,ݐ௠ሺݔ ,ݐሺߛ ,ሻߙ |଴ሻݔ ൑ 	Λ௠	ሺE െ Λሻିଵܯ	ܯఈ	ߙሺݐሻ						⋯ ሺ2.12ሻ 
for all ݇ ൒ 1. 
From (2.12) and the condition (1.9), we find that: 
lim
௠→ஶ

Λ௠ ൌ 0																																																																																																																 ⋯ ሺ2.13ሻ 

Relations (2.12) and (2.13) insures the uniform convergence of the sequence of functions 
(2.1) on the domain (2.2). 
Let 
lim
௠→ஶ

,ݐ௠ሺݔ ,ݐሺߛ ,ሻߙ ଴ሻݔ ൌ ,ݐ଴ሺݔ ,ݐሺߛ ,ሻߙ ⋯଴ሻݔ ሺ2.14ሻ 

Since the sequence of functions (2.2) is periodic in ݐ of period ܶ, then the limiting 
function ݔ଴ሺݐ, ,ݐሺߛ ,ሻߙ  .ܶ of period ݐ ଴ሻ is also periodic inݔ
Moreover, by Lemmas 1.1,1.2 and inequality (2.12) the inequalities (2.4) and (2.5) are 
holds. 
Finally, we have to show that ݔሺݐ, ,ݐሺߛ ,ሻߙ   ଴ሻ is a unique solution of theݔ
system (1.1).Assume that ݎሺݐ, ,ݐሺߛ ,ሻߙ  .଴ሻ is another solution of the system (1.1), i.eݔ

,ݐሺݎ ,ݐሺߛ ,ሻߙ ଴ሻݔ ൌ ଴ݔ ൅ න ሾ݂ሺݏ, ,ݏሺߛ ,ሻߙ ,ݏሺݎ ,ݏሺߛ ,ሻߙ 	଴ሻݔ
௧

଴
 

െ
1
ܶ
න ሺ݂ሺݏ, ,ݏሺߛ ,ሻߙ ,ݏሺݎ ,ݏሺߛ ,ሻߙ ,ݏሿ݀ݏ଴ሻ݀ݔ
்

଴
 

							… ሺ2.15ሻ 
Now, we prove that 	ݔሺݐ, ,ݐሺߛ ,ሻߙ ଴ሻݔ ൌ ,ݐሺݎ ,ݐሺߛ ,ሻߙ ଴ݔ ଴ሻ for allݔ ∈   ఊ௙ and toܦ
do this, we need to derive the following inequality: 

,ݐሺݎ| ,ݐሺߛ ,ሻߙ ଴ሻݔ െ ,ݐሺݔ ,ݐሺߛ ,ሻߙ |଴ሻݔ ൑ 	Λ௠	ሺE െ Λሻିଵ∗ܯ	ܯఈ	ߙሺݐሻ							⋯ ሺ2.16ሻ 



Journal of University of Zakho, Vol. 2(A), No.1, Pp 204-212, 2014            
 

  209

where	ܯ∗ ൌ ,ݐ௫బ∈஽ം೑ห݂൫ݔܽ݉ ,ݐሺݎ ,ݐሺߛ ,ሻߙ ,଴ሻݔ ,ݐሺݔ ,ݐሺߛ ,ሻߙ  .|଴ሻ൯ݔ
Suppose that (2.15) is true for ݉ ൌ ݇, i.e. 
,ݐሺݎ| ,ݐሺߛ ,ሻߙ ଴ሻݔ െ ,ݐሺݔ ,ݐሺߛ ,ሻߙ |଴ሻݔ ൑ 	Λ௞	ሺE െ Λሻିଵ∗ܯ	ܯఈ	ߙሺݐሻ 
then 
,ݐሺݎ| ,ݐሺߛ ,ሻߙ ଴ሻݔ െ ,ݐሺݔ ,ݐሺߛ ,ሻߙ  	|଴ሻݔ

                                         ൑ ሾቀ1ܭ െ ௧

்
ቁ ׬ ఈܯ

௧
଴

,ݏሺݎ| ,ݏሺߛ ,ሻߙ ଴ሻݔ െ ,ݏሺݔ ,ݏሺߛ ,ሻߙ     	ݏ݀|଴ሻݔ

൅
ݐ
ܶ
න ఈܯ

்

௧
,ݏሺݎ| ,ݏሺߛ ,ሻߙ ଴ሻݔ െ ,ݏሺݔ ,ݏሺߛ ,ሻߙ  				ሿݏ݀|଴ሻݔ

				൑ ሾ൬1ܭ െ
ݐ
ܶ
൰නܯఈ

௧

଴

Λ௞ሺܧ െ Λሻିଵܯ∗ܯఈߙሺݏሻ݀ݏ 

൅
ݐ
ܶ
නܯఈ

்

௧

Λ௞ሺܧ െ Λሻିଵܯ∗ܯఈߙሺݏሻ݀ݏሿ	 

                                             ൌ Λ௞ାଵሺܧ െ Λሻିଵܯ∗ܯఈߙሺݐሻ. 
 
By induction, inequality (2.16) is true for ݉ ൌ 0,1,2,⋯. 
Thus from (2.14) and (2.16), we have: 
lim
௠→ஶ

,ݐሺݎ| ,ݐሺߛ ,ሻߙ ଴ሻݔ െ ,ݐ௠ሺݔ ,ݐሺߛ ,ሻߙ |଴ሻݔ ൌ 0 

 
 
 
and hence 
lim
௠→ஶ

,ݐ௠ሺݔ ,ݐሺߛ ,ሻߙ ଴ሻݔ ൌ ,ݐሺݎ ,ݐሺߛ ,ሻߙ  ଴ሻݔ

By using the relation (2.14), we get: 
,ݐሺݔ ,ݐሺߛ ,ሻߙ ଴ሻݔ ൌ ,ݐሺݎ ,ݐሺߛ ,ሻߙ  ଴ሻݔ
i.e. ݔሺݐ, ,ݐሺߛ ,ሻߙ  ∎  .଴ሻ is a unique solution of (1.1) on the domain (1.2)ݔ
3. Existence of solution. 
The problem of existence of a periodic solution of period ܶ of the system (1.1) 
is uniquely connected with the existence of zeros of the function Δሺ0, ,ሺ0ߛ ,ሻߙ  ଴ሻ whichݔ
has the form: 

Δሺ0, ,ሺ0ߛ ,ሻߙ ଴ሻݔ ൌ
ଵ

்
׬ ݂ሺݐ, ,ݐሺߛ ,ሻߙ ,ݐ଴ሺݔ ,ݐሺߛ ,ሻߙ ݐ଴ሻ݀ݔ
்
଴ …………..	⋯ ሺ3.1ሻ 

where ݔ଴ሺݐ, ,ݐሺߛ ,ሻߙ  .଴ሻ is the limiting function of the sequence of functions (2.1)ݔ
The function (3.1) can be determined only approximately, say by computing the  
following functions: 

Δ୫ሺ0, ,ሺ0ߛ ,ሻߙ ଴ሻݔ ൌ
ଵ

்
׬ ݂ሺݐ, ,ݐሺߛ ,ሻߙ ,ݐ௠ሺݔ ,ݐሺߛ ,ሻߙ ݐ଴ሻ݀ݔ
்
଴  ……….		⋯ ሺ3.2ሻ 

              ݉ ൌ 0,1,2,⋯. 
 
Now, we prove the following theorem. 
Theorem3.1. If all assumptions and conditions of theorem 2.1 are hold, then the 
inequality: 
|Δሺ0, ,ሺ0ߛ ,ሻߙ ,଴ሻെΔ୫ሺ0ݔ ,ሺ0ߛ ,ሻߙ |଴ሻݔ ൑ Λ௠ାଵሺܧ െ Λሻିଵ	ܯ	ܯఈ ⋯ ሺ3.3ሻ 
will be satisfied for all ݉ ൒ 0, ଴ݔ ∈  .	ఊ௙ܦ
Proof. From relations (3.1) and (3.2), the estimate 
|Δሺ0, ,ሺ0ߛ ,ሻߙ ,଴ሻെΔ୫ሺ0ݔ ,ሺ0ߛ ,ሻߙ  	|଴ሻݔ
                                             ൑ ௄

்
׬ ,ݐሺߛ| |ሻߙ
்
଴

,ݐ଴ሺݔ| ,ݐሺߛ ,ሻߙ ଴ሻݔ െ ,ݐ௠ሺݔ ,ݐሺߛ ,ሻߙ  	ݐ݀|଴ሻݔ
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൑
ܭ
ܶ
නܯఈ

்

଴

Λ௠ሺܧ െ Λሻିଵܯ	ܯఈ	ߙሺݐሻ݀ݐ							 

                                              ൌ Λ௠ାଵሺܧ െ Λሻିଵܯ	ܯఈ 
Thus the inequality (3.2) is hold for all ݉ ൒ 0	. 
Next, we prove the following theorem taking into account that the inequality  
(3.3) will be satisfied for all ݉ ൒ 0	. 
Theorem 3.2. If the system (1.1) satisfies the following condition 
(i)The sequence of functions (3.2) has an isolated singular point ݔ଴ ൌ  ,଴ݔ
Δ୫ሺ0, ,ሺ0ߛ ,ሻߙ ଴ሻݔ ≡ 0, for all ݐ ∈ ܴଵ. 
(ii)The index of this point is nonzero; 
(iii)There exists a closed convex domain ܦఊ∗ belonging to domain ܦఊ௙ and possessing a 
unique singular point ݔ଴ such that on its  boundary Γ஽ം∗  the following inequality  hold  

݅݊ ௫݂బ∈୻ವം∗
‖Δ୫ሺݐ, ,ݐሺߛ ,ሻߙ ‖଴ሻݔ ൒ ‖Λ௠ሺܧ െ Λሻିଵܯ	ܯఈ‖⋯																												ሺ3.4ሻ 

Where  ݔ଴ ∈ Γ஽ം∗  for all ݉ ൒ 0	. Then the system (1.1) has a periodic solution  

ݔ ൌ ,ݐሺݔ ,ݐሺߛ ,ሻߙ ,ሺ0ݔ ଴ሻ for whichݔ ,ሺ0ߛ ,ሻߙ  .	∗ఊܦ ଴ሻ belongs to the domainݔ
Proof. By using the inequality (3.1) the proof is similar to that of theorem 7.1[4]. 
 
Remark 3.1.[4]. When ܴ௡ ൌ ܴଵ, i.e. when ݔ଴is a scalar, the existence of solution can be 
strengthens by giving up the requirement that the singular point shout be isolated, thus we 
have 
Theorem3.3. Let the system of nonlinear  differential equations (1.1) are defined on the 
interval ሾܽ, ܾሿ. Suppose that for ݉ ൒ 0, the function Δ୫ሺ0, ,ሺ0ߛ ,ሻߙ  ଴ሻ defined accordingݔ
to formula (3.2) satisfies the inequalities: 

min
௔ା௛ஸ௫బஸ௕ି௛

‖Δ୫ሺݐ, ,ݐሺߛ ,ሻߙ ‖଴ሻݔ ൑ െߪ௠							;					

max
௔ା௛ஸ௫బஸ௕ି௛

‖Δ୫ሺݐ, ,ݐሺߛ ,ሻߙ ‖଴ሻݔ ൒ 				.											௠ߪ
ൡ 																																⋯ ሺ3.5ሻ 

Then the system (1.1) has a periodic solution ݔ ൌ ,ݐሺݔ ,ݐሺߛ  ଴ሻ for whichݔሻߙ

଴ݔ ∈ ሾܽ ൅ ݄, ܾ െ ݄ሿ, where ݄ ൌ ‖ఈܯ	ܯ‖
்

ଶ
 and ߪ௠ ൌ ‖Λ௠ାଵሺܧ െ Λሻିଵܯ	ܯఈ‖	. 

Proof. Let ݔଵ and ݔଶ be any two points on the interval ሾܽ, ܾሿ such that: 
Δ୫ሺ0, ,ሺ0ߛ ,ሻߙ ଵሻݔ ൌ min

௔ା௛ஸ௫బஸ௕ି௛
Δ୫ሺ0, ,ሺ0ߛ ,ሻߙ 		଴ሻݔ ;

Δ୫ሺ0, ,ሺ0ߛ ,ሻߙ ଶሻݔ ൌ max
௔ା௛ஸ௫బஸ௕ି௛

Δ୫ሺ0, ,ሺ0ߛ ,ሻߙ 		଴ሻݔ .
ൡ 							⋯ ሺ3.6ሻ 

From the inequalities (3.3) and (3.5), we have 
Δሺ0, ,ሺ0ߛ ,ሻߙ ଵሻݔ ൌ Δ୫ሺ0, ,ሺ0ߛ ,ሻߙ ଵሻݔ ൅ ሾΔሺ0, ,ሺ0ߛ ,ሻߙ ଵሻݔ െ Δ୫ሺ0, ,ሺ0ߛ ,ሻߙ ଵሻሿݔ
Δሺ0, ,ሺ0ߛ ,ሻߙ ଶሻݔ ൌ Δ୫ሺ0, ,ሺ0ߛ ,ሻߙ ଶሻݔ ൅ ሾΔሺ0, ,ሺ0ߛ ,ሻߙ ଶሻݔ െ Δ୫ሺ0, ,ሺ0ߛ ,ሻߙ ଶሻሿݔ

ൠ 

⋯ሺ3.7ሻ 
It follows from the inequalities (3.7) and the continuity of the function 
Δሺ0, ,ሺ0ߛ ,ሻߙ ,଴ݔ ଴ሻ, that there exist an isolated singular pointݔ ଴ݔ ∈ ሾݔଵ,  ଶሿ, such thatݔ
	Δሺ0, ,ሺ0ߛ ,ሻߙ ଴ሻݔ ≡ 0, this means that the system (1.1) has a periodic solution 	
ݔ ൌ ,ݐሺݔ ,ݐሺߛ ,ሻߙ ଴ݔ ଴ሻ for whichݔ ∈ ሾܽ ൅ ݄, ܾ െ ݄ሿ.				∎. 
Theorem3.4. If the function Δሺ0, ,ሺ0ߛ ,ሻߙ  ଴ሻ is defined byݔ
Δ:ܦఊ௙ → ܴ௡, 

Δሺ0, ,ሺ0ߛ ,ሻߙ ଴ሻݔ ൌ
ଵ

்
׬ ݂ሺݐ, ,ݐሺߛ ,ሻߙ ,ݐ଴ሺݔ ,ݐሺߛ ,ሻߙ ݐ଴ሻ݀ݔ
்
଴ ……		⋯ ሺ3.7ሻ 

																					 
whereݔ଴ሺݐ, ,ݐሺߛ ,ሻߙ  ଴ሻ is a limit of the sequence of functions (2.1). Then the followingݔ
inequalities are holds 
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|Δሺ0, ,ሺ0ߛ ,ሻߙ |଴ሻݔ ൑ M	M஑⋯ ሺ3.8ሻ 
and 

|Δሺ0, ,ሺ0ߛ ,ሻߙ ଴ଵሻݔ െ Δሺ0, ,ሺ0ߛ ,ሻߙ |଴ଶሻݔ ൑
2
ܶ
Λሺܧ െ Λሻିଵܯఈ 	⋯ ሺ3.9ሻ 

for all ݔ଴, ,଴ଵݔ ଴ଶݔ	 ∈  .	ఊ௙ܦ
Proof. From the properties of the function ݔ଴ሺݐ, ,ݐሺߛ ,ሻߙ  ଴ሻ as in theorem 2.1; it followsݔ
that the function Δሺ0, ,ሺ0ߛ ,ሻߙ  .ఈܯ	ܯ ଴ሻ is continuous and bounded byݔ
By using (3.7), we get: 

|Δሺ0, ,ሺ0ߛ ,ሻߙ ଴ଵሻݔ െ Δሺ0, ,ሺ0ߛ ,ሻߙ |଴ଶሻݔ ൌ ฬ
1
ܶ
න݂ሺݐ, ,ݐሺߛ ,ሻߙ ,ݐ଴ሺݔ ,ݐሺߛ ,ሻߙ 	ݐ଴ଵሻ݀ݔ

்

଴

 

                                                                െ ଵ

்
׬ ሾ݂ሺݐ, ,ݐሺߛ ,ሻߙ ,ݐ଴ሺݔ ,ݐሺߛ ,ሻߙ ݏሿ݀ݏ଴ଶሻ݀ݔ
்
଴  

																																																																					

൑
ܭ
ܶ
නܯఈ

்

଴

,ݐ଴ሺݔ|	 ,ݐሺߛ ,ሻߙ ଴ଵሻݔ െ ,ݐ଴ሺݔ ,ݐሺߛ ,ሻߙ  	ݐ݀|଴ଶሻݔ

                                                             

൑ ܭఈܯ
்

ଶ
. ଶ
்
,ݐ଴ሺݔ| ,ݐሺߛ ,ሻߙ ଴ଵሻݔ െ ,ݐ଴ሺݔ ,ݐሺߛ ,ሻߙ  	ݐ݀|଴ଶሻݔ

                                                             ൌ ଶ

்
Λ|ݔ଴ሺݐ, ,ݐሺߛ ,ሻߙ ଴ଵሻݔ െ ,ݐ଴ሺݔ ,ݐሺߛ ,ሻߙ  |଴ଶሻݔ

and hence 
|Δሺ0, ,ሺ0ߛ ,ሻߙ ଴ଵሻݔ െ Δሺ0, ,ሺ0ߛ ,ሻߙ  	|଴ଶሻݔ

൑
2
ܶ
	Λ	|ݔ଴ሺݐ, ,ݐሺߛ ,ሻߙ ଴ଵሻݔ െ ,ݐ଴ሺݔ ,ݐሺߛ ,ሻߙ ఈܯ|଴ଶሻݔ ⋯ ሺ3.10ሻ 

where ݔ଴ଵሺݐ, ,ݐሺߛ ,ሻߙ ,ݐ଴ଶሺݔ ଴ሻ andݔ ,ݐሺߛ ,ሻߙ  :଴ሻ are  solutions of the integral equationݔ

,ݐሺݔ ,ݐሺߛ ,ሻߙ ଴௞ሻݔ ൌ ଴௞ݔ ൅ න ሾ݂ሺݏ, ,ݏሺߛ ,ሻߙ ,ݏሺݔ ,ݏሺߛ ,ሻߙ 	଴௞ሻݔ
௧

଴
 

െ
1
ܶ
න ሺ݂ሺݏ, ,ݏሺߛ ,ሻߙ ,ݏሺݔ ,ݏሺߛ ,ሻߙ 	ݏሿ݀ݏ଴௞ሻ݀ݔ
்

଴
	⋯ ሺ3.11ሻ 

 
					with  
,ݐ଴௞ሺݔ ,ݐሺߛ ,ሻߙ ଴ሻݔ ൌ ,	଴௞ݔ ݇ ൌ 1,2. 
From (3.11), we have: 
,ݐ଴ሺݔ| ,ݐሺߛ ,ሻߙ ଴ଵሻݔ െ ,ݐ଴ሺݔ ,ݐሺߛ ,ሻߙ |଴ଶሻݔ ൑ ଴ଵݔ| െ  	|଴ଶݔ

൅ܭሾ൬1 െ
ݐ
ܶ
൰නܯఈ

௧

଴

,ݏ଴ሺݔ|	 ,ݏሺߛ ,ሻߙ ଴ଵሻݔ െ ,ݏ଴ሺݔ ,ݏሺߛ ,ሻߙ  ݏ݀|଴ଶሻݔ

൅
ݐ
ܶ
නܯఈ

்

௧

,ݏ଴ሺݔ| ,ݏሺߛ ,ሻߙ ଴ଵሻݔ െ ,ݏ଴ሺݔ ,ݏሺߛ ,ሻߙ  					ሿݏ݀|଴ଶሻݔ

																																			൑ ଴ଵݔ| െ |଴ଶݔ ൅ ܭఈܯ
ܶ
2
,ݐ଴ሺݔ| ,ݐሺߛ ,ሻߙ ଴ଵሻݔ െ ,ݐ଴ሺݔ ,ݐሺߛ ,ሻߙ  ሻݐሺߙ|଴ଶሻݔ

                                       ൑ ଴ଵݔ| െ |଴ଶݔ ൅ Λ|ݔ଴ሺݐ, ,ݐሺߛ ,ሻߙ ଴ଵሻݔ െ ,ݐ଴ሺݔ ,ݐሺߛ ,ሻߙ  |଴ଶሻݔ
thus  
,ݐ଴ሺݔ| ,ݐሺߛ ,ሻߙ ଴ଵሻݔ െ ,ݐ଴ሺݔ ,ݐሺߛ ,ሻߙ |଴ଶሻݔ ൑ ሺܧ െ Λሻିଵ|ݔ଴ଵ െ ⋯|଴ଶݔ ሺ3.12ሻ 
using the inequality (3.12) in (3.10), we get (3.9). 
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Remark 3.2.[2]. The theorem 3.4 ensure the stability solution of the system (1.1) when 
there is a slight change on the point ݔ଴	accompanied with noticeable change in the 
function 	Δሺ0, ,ሺ0ߛ ,ሻߙ  .	଴ሻݔ
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