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ABSTRACT:

In this paper we construct a star zero divisor graph from the zero divisor graph of the ring Z.,. The
star zero divisor graph is obtained by removing some vertices from the zero divisor graph I'(Z,,), in
different ways , but the best way to get star zero divisor graph SI'(Zy;) is by removing an odd number of
zero divisors. Finally the crossing number, the girth and the diameter of this graph is also determined.
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1-INTRODUCTION

Let R be a commutative ring with identity
and let Z( R) be the set of zero- divisors
of R. We associate a simple graph I'(R) to R
with zero divisor vertices Z*(R)=Z( R)-{0} the
set of non-zero zero divisors of R, and for
distinct x, y &£ Z*( R), the vertices x and y are

adjacent if and only if xy = 0 as zero divisor
elements. Note that I'(R) is empty if and only if
R is an integral domain, and the zero divisor
graph is always simple undirected connected
graph.

The concept of a zero divisor graph was first
introduced by Beck [5] in (1988), further studied
by many authors like [1, 2,3,5,8,9] and [10]. In
this work we consider the ring Z,,, where p and
q are primes, and we construct a zero divisor star
graph which will be denoted by SI'( R), where R
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Fig. 1: The zero divisor graph (double star graph) I'(Z,;)
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1-1: The zero divisor graph of the ring Z,,
n=3p, p is prim.

The zero divisor set Z*(Z3,) = { 3,6, 9, ...,
3(p-1), p, 2p}, which contains p+1 elements.
This type of zero divisor graphs are special
graphs since they contains only two types of

vertices V, and V, such that V(Z5,) =V, U V,,

where V,={ p, 2p} and V,={3, 6,9, ..., 3(p-1)}.
The vertices in V; ( p and 2p ) are of degree (p-
1) and they are adjacent with all other vertices of
the zero divisor graph while p and 2p are non
adjacent together, since p.2p = 2p” not divide, 3p
while the vertices in V, has the same degree 2
since they are adjacent with both p and 2p but
not adjacent with each other. Then, we can
called these types of graphs by double star zero
divisor graph (star graph has one vertex adjacent
with all other vertices but I'(Z3,) has two vertices
adjacent with all other vertices). In the other
hand the two vertices p and 2p which has the
same properties in the graph, the centers of the
zero divisor graph I'(Z5,), C,=p and C, =2p as
shown In figure (1) below in the graph I'(Zs)),
p=7:
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Next, we shall give the following example.

Example — 1: Let p= 11, then the zero divisor graph of the ring Zs,,, is I'(Z3,)=I'(Z5.11)=I'(Z33), and the
zero divisor set is defined as Z*(Zs3)={3, 6, 9, 12, 15, 18, 21, 24, 27, 11, 22, 33, 44. As shown in
figure(2) bellow, this set contains two types of vertices Viand V,, which contains the vertices p , 2p
and the vertices u;, i=1, 2,..., (p-1) respectively, where u; represented the vertices 3, 6, ..., 3(p-1).

Observe that, deg(p) =deg(2p) =p-1 =11-1 =10

deg(3)=deg(6)= deg(9) = ... =deg(3(p-1)) = 2.

Now up to the adjacency these vertices are divided in to two partite sets:

Vi={3, 6,9, 12, 15, 18, 21, 24, 27, 30}, they are 10 vertices of degree two, all adjacent with the
centers C; and C,.

Vo= {p,2p} ={11, 22}, they are two vertices of degree 10, for this we call it the double star graph.

p=11
3 30

12 21

2p=22 it 18
Fig. 2: The zero divisor graph of Zs;

1-2: Construction of star zero divisor graph I'(Zs)).

In this section we construct a star zero divisor graph from the zero divisor graph I'(Z3,). Since the
elements in the zero divisor set are only two kinds of different degree and the vertices p, 2p have the
same degree (p-1) and they are adjacent with all other vertices in type two, then we can easily
construct a star graph from the zero divisor graph I'(Zs,).

Theorem 1-2-1: The zero divisor graph I'(Z3,) is star graph by removing one of its center vertices.
Proof: The zero divisor graph I'(Zs,) have two centers p and 2p with greatest degree in the graph
since they are adjacent with all other vertices u;, i from 1 to (P-1) and non adjacent together, since p.2p
=2p*#0 as a zero divisor element. Then removing one center element p or 2p the all other vertices u;s
will be end vertices after removing one incident edges between vertices u; and center, means that we
remover only one vertex from the zero divisor graph I'(Z3,) to get star zero divisor graph, S, , but the
total number of zero divisors in Z*( (Zsp)) is equal p+1, implies that m = p-1 and the star zero
divisor graph is S; p.1as shown in the figure (3).

2p

Fig. 3:The star zero divisor graph S; ;..
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Definition 1-2-2: [Akbari 2013] A bipartite graph (or bigraph) is a graph whose vertices can be
divided into two disjoint sets V, and V, , that is, V| and V, are each independent sets ( no any vertices
are adjacent) such that every edge connects a vertex in V; to one in V,. Vertex sets V; and V, are often
denoted as partite sets.
Definition 1-2-3: [Gubta 2013] A complete bipartite graphis a graph whose vertices can be
partitioned into two subsets V; and V, such that no edge has both endpoints in the same subset, and
every possible edge that could connect vertices in different subsets is part of the graph. That is, it is
a bipartite graph (Vy, V,, E) such that for every two vertices v; € V, and v, € V,, viv, is an edge in E.
A complete bipartite graph with partitions of size |V|=m and |V;|=n, is denoted K.
In the mathematical field of graph theory, a complete bipartite graph or biclique is a special kind
of bipartite graph where every vertex of the first set is connected to every vertex of the second set.
Theorem 1-2-4 : The zero divisor graph I'(Zs,) is complete bipartite graph K ..
Proof: According to the two centers of the zero divisor graph, C; and C, , where C, . C, # 0, means
that are non adjacent together but C; and C, are adjacent with all other vertices u;, i=1, 2, 3,..., (p-1) (
u; represented the second type of vertices 3, 6, 9, ..., 3(p-1)) and they are also non adjacent together,
ui. uj# 0 foralli,jand i, j=1, 2,3, ..., (p-1). Then by the behavior of the zero divisor elements we
can divide the vertex set V(I'(Zsp)) in to two disjoint part V; and V, such that V =V, U V,, where V|, =
{p,2p} and Vo= {u,i=1,2, ..., (p-1)} . Up to the properties of the zero divisor graph I'(Zs;,) the
vertices in the set V(contains two elements) is adjacent with all the vertices u; in the other set V,
(contains (p-1) elements)but the vertices in each vertex set V| nor V, are adjacent together, implies
that the zero divisor graph I'(Zs,) is complete bipartite graph K, ., (by definition of complete
bipartite).
Example -2:

In the following figure of the zero divisor graph I'(Zs3) , p=11 is a complete bipartite graph K, ;o .

12 o 18

Fig. 4:The zero divisor graph I'(Zs;3) =Ky.10

With two partite sets V, ={11,22} and V,={3, 6, 9, 12, 15, 18, 21, 24, 27, 30} , V; U V, =V
=7*(Zsp). Now in V| we have 11.22=242 # 0, means they are non adjacent, so the vertices in V, are
non adjacent since ui.u; #0 for all 1, j, u, u; £ V,, while each vertex of V, is adjacent with all the

vertices in V, and vice versa.

Theorem 1-2-5 : The girth of I'(Z3) is 4.

Proof: The zero divisor set of the zero divisor graph I'(Z5,) is Z*(Z3p) = { 3, 6, 9, ..., 39P-1), P, 2P}.
Let uy, uy, us, ..., u, represent the first part of vertices 3, 6, 9, ..., 3(p-1) and v,, v, represent the
vertices p and 2p respectively. Then all the cycles in the graph I'(Z5,) are of length 4 , they are the
smallest and they are of the form v — u; = v, = uj—v, fori#j,1,j=1, 2,..., n. Then the girth is 4.
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The chromatic number [Hararry 1969] of the zero divisor graph I'(Z3,) is defined by the next theorem.
Theorem 1-2-6 : The chromatic number of I'(Z3,) is equal 2.

Proof: Since no two adjacent vertices take the same color in coloring vertices in any graph,

then p, 2p have any color and all other vertices

u;, i=1, 2, ..., n which represent the vertices 3, 6, 9, ..., 3(P-1) has another color. Therefore the total
number of colors used in the coloration of this graph is 2, implies that the chromatic number is 2.
Example-3: The chromatic number of the zero divisor graph I'(Zs,) is two as shown in the figure (5)
bellow:

Fig. 5:The chromatic number of I'(Zs,) =2 510

The vertices p and 2p have the red color and the other vertices have the black color since the
adjacent vertices must have different color in the coloring vertices in any graph.

In the next we determine the crossing number of the graph I'(Z3,).
Lemma 1-2-7: The crossing number of the zero divisor graph I'(Z3,,) is zero.
Proof: Clearly if we put the vertices p and 2p on the positive and negative y-axis and other vertices u;
on the two sides of x-axis, after connecting all the adjacent vertices, the graph I'(Zs,) is planar graph
and there is no crossing edges in the zero divisor graph as shown in figure (6) bellow.

ul 2 3 un

2p

Fig. 6: The crossing number of I'(Zsy,).

2-The zero divisor graph of Zs,, p prime, p==5

The zero divisor graph of the ring Zs;, , contains four center vertices have the same property and
same degree (p-1), since they are adjacent with all other vertices in the zero divisor graph I'(Zsp)
except themselves, they have the greatest degree among all vertices.

Example -4: If p=7, then Zs,=Z3s, the zero divisor elements of Z3s are as follow: Z*(Zs5) = { 5, 10,
15, 20, 25, 30, 7,14, 21, 28}, it contains two types of vertices 5n, n from 1 to 6 all are of degree 4,and
the vertices {7, 14, 21, 28} are of degree 6.

Ifp=11, Zs1=Zss, Z*(Zss) = {5, 10, 15, 20, 25, 30, 35, 40, 45, 50, 11, 22, 33, 44} are 14 vertices of

two types:
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V= {5, 10, 15, 20, 25, 30, 35, 40, 45, 50} each of degree 4 and V, ={ 7, 14, 21, 28} each of
degree 10 , each vertex in V; is adjacent with all vertices in V,, so each vertex in V, is adjacent with
all vertices of V, as shown in figure (7) bellow:

5 10
! 11
50 15
45 20
33 / 25
40 %?30
35 22

Fig. 7: The zero divisor graph I'(Zss)

In general the set of non-zero zero divisor elements of the graph I'(Zs,,) is :

7*(Zsp) = { 5, 10, 15, 20, ..., 5(p-1), p, 2p, 3p, 4p }, clearly this zero divisor graph contains two
type of vertices V,={ 5, 10, 15, ..., 5(p-1)}, they are (p-1) vertices all of degree 4, and V,={p, 2p, 3p,
4p} are four vertices of degree (p-1).

2-1: Construction of star zero divisor graph of I'(Zs,).

The zero divisor graph I'(Zs;) contains four vertices {p, 2p, 3p, 4p} fdegree (p-1), are the greatest

degree vertices in the graph since they are adjacent with all vertices in the zero divisor set except the
multiple of p, then we can call this zero divisor graph by 4- star graph, and called the set of these
vertices center of I'(Zs).
Definition 2-1-1: [Buckly and Harary 1990] The distance between two vertices u and v, denoted
d(u,v), is the length of a shortest u—v path, also called a u—v geodesic. The distance function is a
metric on the vertex set of a graph G. In particular, it satisfies the triangle inequality: d(a, b) < d(a, ¢) +
d(c, b) for all vertices a, b, ¢c of G. This follows from the fact that, if you want to go from a to b, then
one possibility is to go via vertex c.

The diameter of a connected graph G, denoted diam(G), is the maximum distance between two
vertices. The eccentricity of a vertex is the maximum distance from it to any other vertex. The radius,
denoted rad(G), is the minimum eccentricity among all vertices of G. Of course the diameter is the
maximum eccentricity among all vertices.

Lemma 2-1-2: The zero divisor graph I'(Zs;) is complete bipartite graph Ky 1),
Proof: Follows from Theorem 1.2.4, where q=5, p>q, as shown in figure (8).

Fig. 8: zero divisor graph I'(Zs;,) =Ky -1
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Theorem 2-1-3: The zero divisor graph I'(Zs,,) is star graph by removing the vertices 2p, 3p, and 4p.
Proof: Its obvious, the remind vertices are p with ui and the graph will by star graph S;, , where n=
(p-1) as shown in figure (9).

ul u2 U3 Ul e =T . un
Fig. 9: The star zero divisor graph K, o1

Clearly the chromatic number of I'(Zs,) is equal 2, and the girth of the zero divisor graph I'(Zs,) is
four.

Theorem 2-1-4: The crossing number Cr(Zs,) is equal 2 [‘ii:—lJ |_?+2J

Proof: Since the vertices in the zero divisor set of the graph I'(Zs,) contains two different partite
subset of vertices ui and v;, 1=1, 2, 3, 4, j=1, 2, 3, ..., p-1. u; represented the center vertices p, 2p, 3p,
and 4p and v; represented the other vertices 5, 10, 15, ..., 5(p-1). The vertices in each partite set are
non adjacent while the vertices of each set are adjacent with other vertices in the other set. Now to find
the crossing number we arrange the vertices ui and v; on the x and y-axes in the way that u,, u, and us,
uy on the +ve and —ve part of y-axes respectively, while we order the vertices v; on both side of x-axes
equally, i.e. vj/2 in +ve and vj/2 in —ve side of x-axes. Then we get 4- equal quadratic part of xy-
plane.

Now we complete the proof by mathematical induction, first for if p=7, clearly the zero divisor
graph is I'(Zsp) = I'(Zs7) I'(Z3s) and the set of the zero divisors is Z*(Zs,) ={ 7, 14, 21, 28, 5, 10, 15,
20, 25, 30} contains two partite sets of vertices ui= p, 2p, 3p, 4p =7, 14, 21, 28 and vj = 5, 10, 15, 20,
25, 30.

So we put u=p=7, u,=2p=14 on the upper side (+ve) of y-axes and u;=3p=21, us=4p=28 on the
lower side (-ve) of y-axes, and the vertices vj are six vertices, clearly we must put three vertices on
each side (+ve and —ve ) of x-axes as shown in the figure(4) below. Clearly we get two equal upper
and lower side in xy-plane, and the crossing number of the zero divisor graph I'(Zs,) is Cr(I'(Zsp)) =
B, Cr{=f,w) , the summation is of over all the vertices ui and vj fori=1,2,3,4andj=1,2,3,4,

5, 6, now to calculate the crossing number of the zero divisor graph I'(Zs,) we connect the vertices ui
with vj as follow: first where we connect the six vertices vj with the vertex ul=p we get no crossing
but when we connect vj with u2 = 2p in the upper side of xy- plane we get the crossing between
vertices as the follow:

Cr(vj,uy) =0, Cr( v3,up) = Cr (v4, u)=0

CI'( V2,Ll2) =C I'(V5, l,lz):l and CI'( V1,Ll2) = CI'(Vé, u2)=2

. F=1|| F=2 -1||=2| . .
Then Cr(I'(Zsp) =%5i=4 Cri{ufut)= 2(1+2) = 2.3 = TJ TJ = [ﬁu—J |_$2—J in the upper side of xy-
plane, but we have two equal sides in xy-plane, therefore Cr(I'(Zs,) = 2 [%l”.%J
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p_Lu
2p
I 'r r 1 1' '
vl v2 v3 v4 v5 v6
3pTu3
4pgyud
Fig. 10: the crossing number of I'(Zs,)
In general for vj, =1, 2, ....,p-1, for any prime p the vertices of y-axes still four u;, u,, us, and uy,

(two in each side), while the vertices vj on the x-axes are increases by changing p and the number of
crossing Cr( vj, u;) =Cr(vj,us) =0 but the crossing number of vj with u; and u, is increases as 1, 2, 3, 4,
..., forj.

Remark: The zero divisor graph I'(Z;,), p>7 is called 6- star graph since it has six centers p, 2p, 3p,
4p, 5p, and 6p, when they are adjacent with all other vertices in the zero divisor graph I'(Z;,). This
zero divisor graph I'(Z7,) is also complete bi-partite graph K -1y as shown in the figure (11) bellow :

Fig. 11: zero divisor graph I'(Z7,) =K -1
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Using the same proceed as for q =3, 5, and 7, the crossing number of I'(Z5,) is 6 [?J[?J as shown
p
in figure (12) bellow: ul
u2 =2p
u3 =3p
| | ! | |
I I I T I I [ I [
vi w2 v3 va V5 v6e v7 v8  v9 viO
4o T ud
S5p+u5
6p 1 ub

Fig. 12: the crossing number of I'(Z7,)
Note that the crossing number of the zero divisor graph I'(Z,,,) is 20 |_?:—LJ [PZ‘JJ

3- The zero divisor graph of Z,, q, p are primes with p> q.

In general the zero divisor graph I'(Z,) has the zero divisor set Z*(I'(Zyp)) =1{p, 2p, 3p, ..., (q-1)p,
g, 29, 3q, ..., (p-1)q} which has two partite sets V; ={p, 2p, 3p, ..., (q-1)p} contains (q-1) vertices
each of degree (p-1) and V, ={q, 2q, 3q, ..., (p-1)q} contains (p-1) vertices of degree (q-1).

The vertices in V; and V, are non adjacent together but all the vertices in V; are adjacent with all
the vertices of V,.

Next we shall give the following results, by considering g>p in the zero divisor graph I'(Z,).

Theorem 3-1: The zero divisor graph I'(Z,,) is complete bi-partite graph of order (p+q-2).

Proof: The zero divisor graph I'(Z,,) contains two type of vertices np, n from 1 to (q-1) and mq, m
from 1 to (p-1) of different degree, then we can divided the vertex set of the graph in to

distinct two partite sets V; and V, each contain the vertices np, mq respectively.

The vertices in V; are non adjacent together, np.kp=nkp® which does not divide qp ( q is prime
certainly not equal nk, for any nk in Z+), also the vertices in V, are non adjacent together,
mq.hg=mhq2 not divided qp (p is prime certainly not equal mh, for any m,h in Z+). Clearly the vertex
set is consist of only two partite set and the vertices in both are non-
adjacent together which Achieves bipartite condition in any graph, so the zero divisor
graph I'(Zqp) is bipartite graph.

Now since the vertices in V, are adjacent with all other vertices in V,, implies that the graph is
complete bipartite set as shown in figure (13) below.

Fig. 13: The zero divisor graph I'(Zg,) =Kp-1),-1)
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Theorem 3-2: The zero divisor graph I'(Zy,) is star graph S, (,.1), by removing the vertices 2p, 3p, ...,

(g-Dp.

Proof: Since the vertices in the zero divisor graph are np, mq, n from 1 to (q-1) and m from 1 to (p-1),
where deg(np) = (q-1) and deg(mq) =(p-1), since each vertex of the form np is adjacent with all the
vertices mq and vise versa as shown in figure (10), therefore when we remove all the vertices np

except p for example, then we get star graph S, (,.1).

1 2q 3q

Fig. 14: The star zero divisor graph S,.1

Theorem 3-3: The crossing number of the zero
divisor graph I'(Zy) is (50T B |5,
Proof: The proof is by mathematical induction
on p and q for p>q.

If =5 and p >5, we have Cr(Zg,) =2 |_T;—1J L?J

as proved in Theorem(2-1-4).
If =7 and p >7, then the crossing number

Cr(Zgp)=6 [Llﬂ%zl as proved before.

If g=11, p >11, the crossing number Cr(Zqp)
=20 22|22

If g=13, p> 13, we get Cr(Zy) =30 [“‘—"‘J[“‘—J

and so on we get the result for all p and all q.
While the chromatic number of the zero divisor
graph I'(Zp) is two, since the zero

divisor graph I'(Zy,) is complete bi partite, then
each partite set takes a different color from the
other, then we use only two color in the zero
divisor graph, implies that the chromatic number
is two.

Theorem 3-4: The diameter of the zero divisor
graph I'(Zy,) is equal or less than 2, i.e.
diam(I'(Z)) < 2.

Proof: Let Z* be the set of all zero divisors of
the zero divisor graph I'(Zy,), then Z*=V(Z,,)
=V,UV,, where V; and V, are two partite set of
the zero divisor graph I'(Zy,) containing the
vertices  {p,2p,....np}, {9, 2q, ..., mq}
respectively.

Ifu, v € Z*, then we have the following cases:
Case(1): If uv=0 then u is adjacent with v thus u
— v is a path of length one and d(u,v) =1, so
diam(u,v)=1.
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Case(2): Suppose uv # 0, implies that u and v are
non adjacent, so they are in the same partite set
say Vi, thus there exist zero divisor element
w € Z*/ {u, v}such that uw=0 and vw=0,(w must
be in the different partite set with u and v), then
u— w — v is a path of length 2 in the graph
which implies d(u, v) =2, and diam(u,v)=2.

Case (3): If uw=0, implies u and ware in
different partite set( w € V,), then there exist an
element z € Z*/ {u, v, w} such that zw#0, if uz
=0 or vz=0, then u— w — v — z is a path of
length three, thus d(u,z) =3. In the similar way
the same result hold if vw=0.

Case(4): Since the zero divisor graph ['(Zqp) is
complete bipartite graph, clearly there exist an
element y € Z*/ {u, v} in the same partite set
with u and v such that zy =0 and wy=0 , then the
length of the path betweenuand visu—w —y
— z —v is a path of length 4, and d(u,v)=4.

Thus d(u, v) <4 for all distinct vertices u,v € Z*,
hence the zero divisor graph I'(Z,) is connected
graph with diam(I'(Z,,)) < 4.

Remark: In the case of the zero divisor graph
['(Zqp) where q=p>2, then I'(Z,) = [(Zy) is
special graph called complete graph of order (p-
1), that is the zero divisor graph I'(Z,) has (p-1)
vertices each of degree (p-2) as shown in the
example bellow:

Example-5: Conceder p=g=11, then the zero
divisor graph is I'(Z,,)=I'(Z21)

Z*( T (Zyp))={ 11, 22, 33, 44, 55, 66, 77, 88, 99,
110}, the order of this graph is (p-1) =10, means
it contains 10 vertices and all the vertices has
degree (p-2) =9, and all the vertices are adjacent
to each together, then the zero divisor graph is a
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