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Abstract: 

The purpose of this paper is to introduce the concept of an operation on a class of PS-open subsets of topological 

spaces. Using this operation, we define the concept of 
SP  -open sets, and study some of their related topological 

properties. Furthermore, some separation axioms by utilizing the operation  on PSO(X) and the set 
SP  -open have 

been investigated. 
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1. Introductions and Preliminaries 
hroughout this paper, the space (X, τ) (or 
simply X) always means a topological 

space on which no separation axioms are 
assumed unless explicitly stated. The concept of 
preopen sets and semiopen sets was introduced 
respectively by Mashhour, Abd El-Monsef and 
El-Deeb (1982) and Levine (1963). On the other 
hand, Kasahara (1979) defined the concept of an 
operation on τ and introduced the concept of -
closed graphs of functions. The operation  had 
been renamed as  operation on τ by Ogata 
(1991). Recently, An, Cuong and Maki (2008) 
defined and investigated the concept of the 
mapping p on the collection of all preopen 
PO(X) subsets of (X, τ), and introduced the 
notion of pre p-open sets and studied some of 
their properties. 
    Khalaf and Asaad (2009) defined the concept 
of PS-open sets in a space X which is denoted by 
PSO(X). The aim of this paper is to introduce the 
concept of an operation  on PSO(X) and to 

define the notion of SP  -open sets of (X, τ) by 

using this operation. Section 3, contains some 

topological properties of SP  -open sets and some 

relationships with other concepts. In the last 
section, some separation axioms by utilizing the 

operation  on PSO(X) and the set SP  -open are 

investigated. 
    For a subset A of a space X, the closure and 
the interior of A are denoted by Cl(A) and Int(A), 
respectively. 
Definition 1.1: A subset A of a space X is said to 
be: 
1. preopen if A  Int(Cl(A)) (Mashhour et al., 

1982).  

2. semiopen if A  Cl(Int(A)) (Levine, 1963). 

     The complement of a semiopen set is said to 
be semiclosed (Crossley and Hildebrand, 1971). 
A preopen subset A of a topological space (X, τ) 
is called PS-open (Khalaf and Asaad, 2009) if for 
each x  A, there exists a semiclosed set F such 
that x  F  A. The complement of a PS-open set 
is PS-closed (Khalaf and Asaad, 2009), and the 
PS-closure of a subset A of X is defined as the 
intersection of all PS-closed sets containing A 
and it is denoted by PSCl(A) (Khalaf and Asaad, 
2009). The PS-interior of a subset A of X is 
defined as the union of all PS-open sets 
contained in A and it is denoted by PSInt(A) 
(Khalaf and Asaad, 2009). An operation  on the 
topology τ on X is a mapping  : τ  P(X) such 
that U  U for each U  τ, where P(X) is the 
power set of X and U denotes the value of  at U 
(Ogata, 1991). A nonempty subset A of a 
topological space (X, τ) with an operation  on τ 
is said to be -open if for each x  A, there exists 
an open set U containing x such that U  A 
(Ogata, 1991). 

 
Definition 1.2 (An et al., 2008): An operation p 
on PO(X) is a mapping p : PO(X)  P(X) such 
that U  Up for each U  PO(X), where Up 
denotes the value of p at U. A nonempty set A 
of X is said to be pre p-open if for each x  A, 
there exists a preopen set U such that x  U and 
Up  A.  
    Recall that a topological space (X, τ) is locally 
indiscrete (Dontchev, 1998) if every open subset 
of X is closed, or if every closed subset of X is 
open. Also, a topological space (X, τ) is called 
semi-T1 (Maheshwari and Prasad, 1975) if for 
each pair of distinct points x, y in X, there exist 
two semiopen sets U and V such that x  U but y 
 U and y  V but x  V. 
 

T
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Theorem 1.3 (Khalaf and Asaad, 2009): Let (X, 
τ) be a topological space. Then the following 

statements are true: 
1. If X is locally indiscrete, then PSO(X) = 

τ. 
2. If X is semi-T1, then PSO(X) = PO(X). 

 

2. SP  -OPEN SETS 
 

Definition 2.1: An operation  on PSO(X) is a 

mapping  : PSO(X)  P(X) such that G  G 

for every G  PSO(X), where P(X) is the power 

set of X and G  is the value of  at G. 

From this definition, we can easy to find X  = 
X for any operation  : PSO(X)  P(X). 
Definition 2.2: Let (X, τ) be a topological space 
and  : PSO(X)  P(X) be an operation on 

PSO(X). A nonempty set A of X is said to be SP  -

open if for each x  A, there exists a PS-open set 

G such that x  G and G   A.  

The complement of a SP  -open set of X is SP  -

closed. Assume that the empty set   is also SP 

-open set for any operation  : PSO(X)  P(X). 

The class of all SP  -open subsets of a space (X, 

τ) is denoted by ( )SP O X . For each x  X, the 

class of all SP  -open sets of (X, τ) containing a 

point x is denoted by ( , )SP O X x . 

 

     It is obvious that every SP  -open set is PS-

open (that is, ( )SP O X  PSO(X)), but the 

converse is not true as shown from the following 
example. 
Example 2.3: Let X = {a, b, c} and τ = { , X, 

{a}, {b, c}} = PSO(X). Define an operation  : 
PSO(X)  P(X) as follows: For every A  
PSO(X) 

                        A if a A
A

X if a A
 
  

 

Clearly, ( )SP O X ={ , X, {a}}. Then the set 

{b, c} is PS-open, but {b, c}  ( )SP O X . 

Therefore, PSO(X) ط  ( )SP O X . 

     We can say that a subset A is id
SP -open of X 

if and only if A is PS-open in X. The identity 
operation id on PSO(X) is a mapping id : PSO(X) 

 P(X) such that idH = H for every H  

PSO(X). Then ( )id
SP O X = PSO(X). 

Theorem 2.4: Let (X, τ) be a topological space 
and  : PSO(X)  P(X) be an operation on 
PSO(X). Then the following are true: 

1. The union of any class of SP  -open sets in X 

is also a SP  -open. 

2. The intersection of any class of SP  -closed 

sets in X is also a SP  -closed. 

Proof: (1) Let x  { }A

 , where A  

( )SP O X  for all  . Then x  A for some 

 . Since A is SP  -open set in X, then there 

exists a PS-open set G such that x  G  G   

A  { }A

 . Therefore, { }A


 is SP  -

open set in X. 
(2) Similar to part (1) using complement. 
 
     Generally, the intersection (resp. the union) 

of any two SP  -open (resp. SP  -closed) sets in 

(X, τ) may not be a SP  -open (resp. SP  -closed) 

set as demonstrated in the following example. 
Example 2.5: Consider the space X ={a, b, c} 
and τ = P(X) = PSO(X). Let  : PSO(X)  P(X) 
be an operation on PSO(X) defined as follows: 
For every A  PSO(X) 

         
{ }

{ , } { }

A if A c
A

b c if A c
 
  

 

Obviously, ( )SP O X = P(X)  {c}. Then the 

sets {a, c} and {b, c} are SP  -open, but {a, c} 

 {b, c} = {c} is not a SP  -open set since {c} 

( )SP O X . Also, {a} and {b} are SP  -closed 

sets, but {a}  {b} = {a, b} is not a SP  -closed 

set. 

     Therefore, the class of all SP  -open sets of 

any topological space (X, τ) need not be a 
topology on X in general. 
Theorem 2.6: The following properties are true 
for any topological space (X, τ): 

1. If (X, τ) is locally indiscrete, then the 
operations  on PSO(X) and  on τ are 

equivalent and hence the concept of SP  -open 

set and -open set are identical. 
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2. If (X, τ) is semi-T1, then the operations  on 
PSO(X) and p on PO(X) are equivalent and 

hence the concept of SP  -open set and pre p-

open set are identical. 
Proof: (1) Follows from their definitions and 
Theorem 1.3 (1). 
(2) Follows from their definitions and Theorem 
1.3 (2). 
 
Definition 2.7: Let (X, τ) be any topological 
space. An operation  on PSO(X) is said to be PS-
regular if for each x  X and for every pair of PS-
open sets G1 and G2 such that both containing x, 
there exists a PS-open set H containing x such 

that H   1G    2G  . 

For example, the mapping  : PSO(X)  P(X) 
defined in Example 2.3 is PS-regular operation. 
Theorem 2.8: Let a mapping  be PS-regular 
operation on PSO(X). If the subsets A and B are 

SP  -open in a topological space (X, τ), then A 

B is also SP  -open set in (X, τ). 

Proof: Suppose x  A  B for any SP  -open 

subsets A and B in (X, τ) both containing x. Then 
there exist PS-open sets G1 and G2 such that x  
G1  A and x  G2  B. Since  is a PS-regular 
operation on PSO(X), then there exists a PS-open 

set H containing x such that H   1G   2G   

A  B. Therefore, A  B is SP  -open set in (X, 

τ). 
     By applying Theorem 2.8, it is easy to show 

that ( )SP O X forms a topology on X for any PS-

regular operation  on PSO(X). 
 
Definition 2.9: A topological space (X, τ) with 

an operation  on PSO(X) is said to be SP  -

regular if for each x  X and for each PS-open 
set G containing x, there exists a PS-open set H 

containing x such that H   G. 
Theorem 2.10: Let (X, τ) be a topological space 
and  : PSO(X)  P(X) be an operation on 
PSO(X). Then the following conditions are 
equivalent: 

1. PSO(X) = ( )SP O X . 

2. (X, τ) is a SP  -regular space. 

3. For every x  X and for every PS-open set 

G of (X, τ) containing x, there exists a SP  -

open set H of (X, τ) containing x such that 
H  G. 

Proof: (1)  (2) Let x  X and G be a PS-open 
set in X such that x  G. It follows from 

assumption that G is a SP  -open set. This 

implies that there exists a PS-open set H such 

that x  H and H   G. Therefore, the space 

(X, τ) is SP  -regular. 

(2)  (3) Let x  X and G be a PS-open set in 
(X, τ) containing x. Then by (2), there is a PS-

open set H such that x  H  H   G. Again, 
by using (2) for the set H, it is shown that H is 

SP  -open. Hence H is a SP  -open set containing 

x such that H  G. 
(3)  (1) By applying the part (3) and Theorem 
2.4 (1), it follows that every PS-open set of X is 

SP  -open in X. That is, PSO(X)  ( )SP O X . 
Since every SP  -open set is PS-open (that is, 

( )SP O X  PSO(X) in general). Hence PSO(X) 
= ( )SP O X . 
 

3. TOPOLOGICAL PROPERTIES OF SP  -

OPEN SETS 
 

     We begin with the definition of SP  -limit 

point of a set A. 
Definition 3.1: Let A be any subset of a 
topological space (X, τ) and  be an operation on 

PSO(X). A point x  X is said to be SP  -limit 

point of A if for every SP  -open set G containing 

x, G  (A  {x}) ≠  . The set of all SP  -limit 

points of A is called a SP  -derived set of A and it 

is denoted by ( )SP D A . 

     Some basic properties of SP  -derived set are 

mentioned in the following theorem. 
Theorem 3.2: The following properties hold for 
any sets A and B in a topological space (X, τ) 
with an operation  on PSO(X). 

1. ( )SP D  =  . 

2. If A  B, then ( )SP D A  ( )SP D B . 

3. ( )SP D A B   ( )SP D A  ( )SP D B . 

4. ( )SP D A B   ( )SP D A  ( )SP D B . 

5. ( ( ))S SP D P D A A    ( )SP D A . 

6. ( ( ))S SP D A P D A    A  ( )SP D A . 
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Proof: It is enough to proof the parts (5) and (6) 
since the proofs of the other parts are obvious 
and hence they are omitted. 

(5) Let x  ( ( ))S SP D P D A A   and G is a SP 

-open set containing x. Then G 

( ( )) { })SP D A x   . Let y  G 

( ( )) { })SP D A x  . Then, since y  ( )SP D A

and y  G, G  ( { })A y   . Let z  G 

( { })A y . Hence z ≠ x for z  A and x  A. So 

G  (A  {x}) ≠  . Therefore, x  ( )SP D A . 

(6) Let x  ( ( ))S SP D A P D A  . If x  A, the 

result is clear. So, let x  ( ( ))S SP D A P D A 

 A. Then, for SP  -open set G containing x, G 

 (A  ( )SP D A )  {x} ≠  . Thus, G  (A

 {x}) ≠   or G  ( ( )SP D A  {x}) ≠  . 

Now, it follows similarly from the part (5) that G 

 (A  {x}) ≠  . Hence, x  ( )SP D A . 

Therefore, in any case, ( ( ))S SP D A P D A    

A  ( )SP D A . 

Definition 3.3: Let A be any subset of a 
topological space (X, τ) and  be an operation on 

PSO(X). The SP  -closure of A is defined as the 

intersection of all SP  -closed sets of X 

containing A and it is denoted by ( )SP Cl A . 

That is, ( )SP Cl A =  {F : A  F, X  F is SP 

-open set in X }. 
 

     Some important properties of SP  -closure 

operator will be given in the next lemma. 
Lemma 3.4: The following statements are true 
for any subsets A and B of a topological space 
(X, τ) with an operation  on PSO(X). 

1. ( )SP Cl  =  and ( )SP Cl X = X. 

2. ( )SP Cl A is the smallest SP  -closed set 

containing A. 

3. ( )SP Cl A is SP  -closed set in X. 

4. A  PSCl(A)  ( )SP Cl A . 

5. A is SP  -closed if and only if ( )SP Cl A = A. 

6. If ( )SP Cl A  ( )SP Cl B =  , then A  B 

=  . 

7. If A  B, then ( )SP Cl A  ( )SP Cl B . 

8. ( )SP Cl A B   ( )SP Cl A  ( )SP Cl B . 

9. ( )SP Cl A  ( )SP Cl B  ( )SP Cl A B  . 

10. ( ( ))S SP Cl P Cl A  = ( )SP Cl A . 

Proof: Straightforward. 
 
Theorem 3.5: Let A be any subset of a 
topological space (X, τ) and  be an operation on 

PSO(X). Then x  ( )SP Cl A if and only if A 

G ≠   for every SP  -open set G of X containing 

x. 

Proof: Let x  ( )SP Cl A and let A  G =   

for some SP  -open set G of X containing x. Then 

A  X  G and X  G is SP  -closed set in X. So 

( )SP Cl A  X  G. Thus, x  X  G. This is a 

contradiction. Hence A  G ≠   for every SP  -

open set G of X containing x. 

Conversely, suppose that x  ( )SP Cl A . So 

there exists a SP  -closed set F such that A  F 

and x  F. Then X  F is a SP  -open set such 

that x  X  F and A  (X  F) =  . 

Contradiction of hypothesis. Therefore, x 
( )SP Cl A . 

 
     From Definition 3.1 and Theorem 3.5, we 
have the following corollary. 
Corollary 3.6: Let A be any subset of a 
topological space (X, τ) and  be an operation on 

PSO(X). Then ( )SP D A  ( )SP Cl A . 

Theorem 3.7: Let A be any subset of a 
topological space (X, τ) and  be an operation on 

PSO(X). Then A is SP  -closed if and only if A 

contains the set of its SP  -limit points. 

Proof: Suppose that A is SP  -closed subset of a 

space (X, τ) and let x  A, then x  X   A and X 

 A is SP  -open set in X such that A  X  A = 

 . This means that x  ( )SP D A . Hence 

( )SP D A  A. 

Conversely, assume that A contains the set of its 

SP  -limit points (That is, ( )SP D A  A). To 

show that A is SP  -closed (or X  A is SP  -open) 

set in X. Let x  X   A, then x  A. By 
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assumption that there exists a SP  -open set Ux of 

X containing x such that A  Ux =  . That is, 

Ux  X  A and hence X  A =
( )

x
x X A

U
 
 . So 

X  A is a union of SP  -open sets and by 

Theorem 2.4 (1), X   A is SP  -open. 

Consequently, A is SP  -closed set in X. 

 
Lemma 3.8: For any subset A of a topological 
space (X, τ) with an operation  on PSO(X). The 

set A  ( )SP D A is SP  -closed in X. 

Proof: Let x  A  ( )SP D A . Then x  A and 

x  ( )SP D A . Since x  ( )SP D A , there exists 

a SP  -open set Gx  X containing x which 

contains no point of A other than x but x  A. So 
Gx contains no point of A, which implies Gx  X 

  A. Again, Gx is a SP  -open set of each of its 

points. But as Gx does not contain any point of 

A, no point of Gx can be a SP  -limit point of A. 

Therefore, no point of Gx can belong to

( )SP D A . This implies that Gx  X  ( )SP D A

. Hence, it follows that x  Gx  X   A  X 

( )SP D A = X   (A  ( )SP D A ). Therefore, A 

 ( )SP D A is SP  -closed. 

 

     SP  -limit points provide us with an easy 

means to find the SP  -closure of a set A. 

Theorem 3.9: Let (X, τ) be a topological space 
and  be an operation on PSO(X). Then 

( )SP Cl A = A  ( )SP D A for any subset A of a 

space X. 

Proof: Since A  A  ( )SP D A . Then by 

Lemma 3.8, ( )SP Cl A  A  ( )SP D A . 

On the other hand, since A  ( )SP Cl A in 

general and by Corollary 3.6, ( )SP D A  

( )SP Cl A . So we have A  ( )SP D A  

( )SP Cl A . Therefore, in both cases, we obtain 

that ( )SP Cl A = A  ( )SP D A . 

 
Theorem 3.10: For any subsets A, B of a 
topological space (X, τ). If  is a PS-regular 

operation on PSO(X), then ( )SP Cl A 

( )SP Cl B = ( )SP Cl A B  . 

Proof: It is enough to proof that ( )SP Cl A B 

 ( )SP Cl A  ( )SP Cl B since the other part 

follows directly from Lemma 3.4 (9). Let x  

( )SP Cl A  ( )SP Cl B . Then there exist two 

SP  -open sets G and H containing x such that A 

 G =   and B  H =  . Since  is a PS-
regular operation on PSO(X), then by Theorem 

2.8, G  H is SP  -open in X such that (G  H) 

 (A  B) =  . Therefore, we have x  

( )SP Cl A B  and hence ( )SP Cl A B   

( )SP Cl A  ( )SP Cl B . 

Definition 3.11: A subset N of a topological 

space (X, τ) is called a SP  -neighbourhood of a 

point x  X, if there exists a SP  -open set G in X 

such that x  G  N. 

The following is a relation between SP  -open set 

and SP  -neighbourhood of a point x  X. 

Theorem 3.12: Let U  (X, τ) be a SP  -open if 

and only if it is a SP  -neighbourhood of each of 

its points. 

Proof: Let U be any SP  -open set in (X, τ). Then 

by Definition 3.11, it is clear that U is a SP  -

neighbourhood of each of its points, since for 

every x  U, x  U  U and U  ( )SP O X . 

Conversely, suppose U is a SP  -neighbourhood 

of each of its points. Then for each x  U, there 

exists a SP  -open set Vx containing x such that Vx 

 U. Then U = x
x U

V

 . Since each Vx is SP  -

open. It follows from Theorem 2.4 (1) that U is 

SP  -open set in X. 

Definition 3.13: Let A be any subset of a 
topological space (X, τ) and  be an operation on 

PSO(X). The SP  -interior of A is defined as the 

union of all SP  -open sets of X contained in A 

and it is denoted by 

( )S IntP A . That is, ( )S IntP A =  {G : G is a 

SP  -open set in X and G  A}. 
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     Some important properties of SP  -interior 

operator will be given in Lemma 3.14. 
Lemma 3.14: Let A and B be subset of a 
topological space (X, τ) and  be an operation on 
PSO(X). Then the following conditions hold: 

1. ( )S IntP   =   and ( )S IntP X = X. 

2. ( )S IntP A is the largest SP  -open set 

contained in A. 

3. ( )S IntP A is SP  -open set in X. 

4. ( )S IntP A  PSInt(A)  A. 

5. A is SP  -open if and only if ( )S IntP A = A. 

6. If A  B =  , then ( )S IntP A 

( )S IntP B =  . 

7. If A  B, then ( )S IntP A  ( )S IntP B . 

8. ( )S IntP A B   ( )S IntP A  ( )S IntP B . 

9. ( )S IntP A  ( )S IntP B  ( )S IntP A B  . 

10. ( ( ))S SInt InP tP A  = ( )S IntP A . 

11. ( )S IntP X A  = X  ( )SP Cl A . 

Proof: Straightforward. 
 

     SP  -limit points provide us to find the SP  -

interior of a set A. 
Theorem 3.15: Let (X, τ) be a topological space 
and  be an operation on PSO(X). Let A be a 

subset of a space X. Then ( )S IntP A = A 

( )SP D X A  . 

Proof: Let x  A  ( )SP D X A  , then x  

( )SP D X A  and hence there exists a SP  -

open set Gx containing x such that Gx  (X  A) 

=  . That is, x  Gx  A and hence A = x
x A

G



. So A is a union of SP  -open sets and hence by 

Theorem 2.4 (1), A is SP  -open set in X 

containing x. Then by Lemma 3.14 (5), x  

( )S IntP A . Thus, A  ( )SP D X A   

( )S IntP A . 

On the other hand, if x  ( )S IntP A  A, then x 

 ( )SP D X A  since ( )S IntP A is SP  -open 

set and ( )S IntP A  (X  A) =  . So x  A 

( )SP D X A  . This implies that ( )S IntP A  

A  ( )SP D X A  . Therefore, in both cases, we 

obtain that ( )S IntP A = A  ( )SP D X A  . 

Theorem 3.16: If  is a PS-regular operation on 
PSO(X), then for any subsets A, B of a space X, 

we have ( )S IntP A  ( )S IntP B = 

( )S IntP A B  . 

Proof: Follows directly from Theorem 3.10 and 
using Lemma 3.14 (11). 
Lemma 3.17: Let (X, τ) be a topological space 
and  be a PS-regular operation on PSO(X). Then 

( )SP Cl A  G  ( )SP Cl A G  holds for 

every SP  -open set G and every subset A of X. 

Proof: Suppose that x  ( )SP Cl A  G for 

every SP  -open set G, then x  ( )SP Cl A and x 

 G. Let U be any SP  -open set of X containing 

x. Since  is PS-regular on PSO(X). So by 

Theorem 2.8, G  U is SP  -open set containing 

x. Since x  ( )SP Cl A , then by Theorem 3.5, 

we have A  (G  U) ≠  . This means that (A 

 G)  U ≠  . Therefore, again by Theorem 

3.5, we obtain that x  ( )SP Cl A G  . Thus, 

( )SP Cl A  G  ( )SP Cl A G  . 

 
     The proof of the following lemma is similar 
to Lemma 3.17 and using Lemma 3.14 (11). 
Lemma 3.18: Let (X, τ) be a topological space 
and  be a PS-regular operation on PSO(X). Then 

( )S IntP A F   ( )S IntP A  F holds for 

every SP  -closed set F and every subset A of X. 

 

4. SP  -Tn SPACES FOR n  {0, 1, 2} IN 

TERMS OF SP  -OPEN SETS 
 
     In this section, we introduce some types of 

SP  - separation axioms called SP  -Tn for n  {0, 

1, 2} using SP  -open set. Some basic properties 

of these spaces are investigated. 
Definition 4.1: A topological space (X, τ) with 

an operation  on PSO(X) is called SP  -T0 if for 

each pair of distinct points x, y in X, there exists 
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a SP  -open set G containing one of the points 

but not the other. 
Definition 4.2: A topological space (X, τ) with 

an operation  on PSO(X) is called SP  -T1 if for 

each pair of distinct points x, y in X, there exist 

two SP  -open sets G and H such that x  G but y 

 G and y  H but x  H. 
Definition 4.3: A topological space (X, τ) with 

an operation  on PSO(X) is called SP  -T2 if for 

each pair of distinct points x, y in X, there exist 

disjoint SP  -open sets G and H containing x and 

y respectively. 

Lemma 4.4: If (X, τ) is SP  -Tn space, then (X, τ) 

is SP  -Tn-1 for n = 1, 2. 

Proof: Obvious. 
Observe that the converse of Lemma 4.4 is not 
true as shown by the following example. 
Example 4.5: Suppose X ={a, b, c} and τ be the 
discrete topology on X. Define an operation  on 
PSO(X) as follows: 

1. For every A  ( )SP O X  

                A if c A
A

X if c A
 
  

 

Then the space (X, τ) is SP  -T0, but it is not SP  -

T1. 

2. For every B  ( )SP O X  

                
      ,    ,    ,  B a b or a c or b c

other

B i

wi
B

se

f

X
 





 

Then (X, τ) is SP  -T1 space, but (X, τ) is not SP  -

T2. 
 
Theorem 4.6: Let (X, τ) be a topological space 
and  be an operation on PSO(X). Then the 
following properties are equivalent: 

1. X is SP  -T2. 

2. If x  X, then there exists a SP  -open set G 

containing x such that y  ( )SP Cl G for 

each y  X such that x ≠ y. 

3. For each x  X,  { ( )SP Cl G : G  

( , )SP O X x } = {x}. 

Proof: (1)  (2) Let X be any SP  -T2 space. For 

each x, y  X with x ≠ y, then there exist two SP 

-open sets G and H containing x and y 

respectively such that G  H =  . This implies 

that G  X  H and hence ({ })SP Cl G  X  H 

since X  H is SP  -closed set in X and y  X 

H. Therefore, y  ( )SP Cl G . 

(2)  (3) Obvious. 
(3)  (1) Let x, y  X with x ≠ y. By hypothesis 

there exists a SP  -open set G containing x such 

that y  G and hence y  ( )SP Cl G . Then y  

X  ( )SP Cl G and X  ( )SP Cl G is SP  -open 

set. So G  X  ( )SP Cl G =  . Therefore, X is 

SP  -T2 space. 

Theorem 4.7: For a topological space (X, τ) with 
an operation  on PSO(X). Then the following 
conditions are true: 

1. X is SP  -T1 if and only if every singleton 

set in X is SP  -closed. 

2. X is SP  -T0 if and only if ({ })SP Cl x ≠ 

({ })SP Cl y , for every pair of distinct 

points x, y of X. 
Proof: (1) Necessary Part. Suppose the space X 

be SP  -T1. Let x  X. Then for any point y  X 

such that x ≠ y, there exists a SP  -open set G 

such that y  G but x  G. Thus, y  G  X 
{x}. This implies that X  {x} =  {G: y  X 

{x}}. Since the union of SP  -open sets is SP  -

open. Then X  {x} is SP  -open set in X. Hence 

{x} is SP  -closed set in X. 

Sufficient Part. Suppose every singleton set in 

X is SP  -closed. Let x, y  X such that x ≠ y. 

This implies that x  X  {y}. By hypothesis, we 

get X  {y} is a SP  -open set contains x but not 

y. Similarly X  {x} is a SP  -open set contains y 

but not x. Therefore, a space X is SP  -T1. 

(2) Necessary Part. Let X be a SP  -T0 space and 

x, y be any two distinct points of X. Then there 

exists a SP  -open set G containing x or y (say x, 

but not y). So X  G is a SP  -closed set, which 

does not contain x, but contains y. Since 

({ })SP Cl y is the smallest SP  -closed set 

containing y, ({ })SP Cl y  X  G, and so x  
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({ })SP Cl y . Therefore, ({ })SP Cl x ≠ 

({ })SP Cl y . 

Sufficient Part. Suppose for any x, y  X with x 

≠ y, ({ })SP Cl x ≠ ({ })SP Cl y . Now, let z  X 

such that z  ({ })SP Cl x , but z  ({ })SP Cl y

. Now, we claim that x  ({ })SP Cl y . For, if x 

 ({ })SP Cl y , then {x} ({ })SP Cl y , which 

implies that ({ })SP Cl x  ({ })SP Cl y . This is 

contradiction to the fact that z  ({ })SP Cl y . 

Hence x belongs to the SP  -open set X 

({ })SP Cl y to which y does not belong. It gives 

that X is SP  -T0 space. 

 
     See Definition 4.8 in (An et al., 2008) 

introduced the concept of pre p-
'

nT spaces, 

where n  {0, 1, 2} and p : PO(X)  P(X) is an 
operation on PO(X), using the notion of pre p-
open sets. So by applying Theorem 2.6 (2), we 
obtain the following lemma. 
Lemma 4.8: Let (X, τ) be a semi-T1 space. Then 

(X, τ) is SP  -Tn if and only if it is pre p-
'

nT , 

where n  {0, 1, 2},  is an operation on PSO(X) 
and p is an operation on PO(X). 
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  :الملخص

فـي الفضـاءات  PSالهدف من هـذا البحـث هـو تقـديم مفهـوم العمليـة علـى صـنف مـن المجوعـات الجزئيـة المفتوحـة مـن الـنمط 
SPباســـتخدام هـــذه العمليـــة، عرفنـــا مفهـــوم المجوعـــات المفتوحـــة مـــن الـــنمط التبولوجيـــة.  ، ودرســـنا بعـــض الخصـــائص التبولوجيـــة

والمجموعـة المفتوحـة  PSO(X)علـى  تـم التحقـق مـن بعـض بـديهيات الفصـل باسـتخدام العمليـة   إضافة الـى ذلـكالمتعلقة بها. 
SPمن النمط .  

 


