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ABSTRACT:

In this paper, we investigate the existence, uniqueness and stability of the periodic solution for the system of nonlinear integro-
differential equations by using the numerical-analytic methods for investigate the solutions and the periodic solutions of ordinary

differential equations, which are given by A. Samoilenko.
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1. INTRODUCTION

Analysis of various processes in mechanics, physics, biology and
celestial mechanics, and other branches of science and
engineering requires investigation into the existence and
uniqueness solutions of differential equations of various types
and systems (Apostol, 1973; Burrill, 1969). In particular, there
developed many problems of the existence of periodic solutions
and construction business. Among them, one should mention
especially  numerical-analytical method of successive
approximations (Samoilenko, 1965; Tidke & More,2015).

The conditions of existence solutions that are important in the
theories of analysis and results are often obtained by using fixed-
point theorems (Banach, Schauder) and successive
approximation (Hu & Li,2005; Rama, 1981). The study theories
about the existence, uniqueness and stability of differential
equations (David & Williams, 2015; Korol, 2010). There are
many details to the investigation of different aspects of this
theory (see, for example, (Butriset al., 2015; Byszewski et al.,
1997; Korol, 2009). Previously, Samoilenko in many original
works referred to as the numerical-analytic method based upon
successive approximations (Samoilenko, 1965; Samoilenko,
1966). Tidke and More (Tidke & More, 2015), investigated the
existence and uniqueness of solution of Volterra integro-
differential equation with nonlocal condition in cone metric
space. The result is obtained by using some extensions of
Banach’s contraction principle in complete cone metric space of

the form.
t

x'(t) = A(t)x(t) +f(t,x(t)) + f k(s,x(s))ds , t

€/ =10,b] w(;th x(0) + g(x)
=x .. (P1)

In (Aziz, 2006) Aziz, studied the periodic solutions for some
systems of nonlinear ordinary differential equations which
has the form:

* Corresponding author
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d’;(tt) = A+ B®)x+f(t,x,y) \
dy(t) “
3:1_7: =(C+D®))y+g(txy)

In this work, we study the existence, uniqueness and stability of
solution of nonlinear system of integro-differential equations
which has the form:-

t
dx

T=Ax+ floe f R(t — ) (x(@) — y(D)do)

—oo

t
d
—Z=By+gﬁw,f6@—rXﬂﬂ—yﬁDW)

, @D

dt

and also investigate the existence and uniqueness of periodic
solution of (L1), where &= [’ A(x(2) —y(0))dr, p=
fcdy(x(r) —y(1))dr, 2andy are constants, and x € D c R";

y€D; cR" , DandD,; are closed and bounded domain.
Assume that the vector functions f (¢, &, u) and g(t, i, v) where

—00

u= f_tooR(t —1)(x(x) — y(0)dr and v= f_too G(t —
7)(x(7) — y(7))d, are defined on the domain.
[t,x,y] €R' x D x Dy, (1.2)

and continuous functions in t, x, y and satisfy the following
inequalities:-

Ift e wll <M \
lgt, uWIl <N } (1.3)
If(t e, ug) — f(E g2, u)l < Jialley — &1l + jiallug — wall '
lg(t, ug, vi) — gt bz, vo)ll < kqllpg — wall + kallvy — ol

forall t € R, x € D, y € D;, where M, N, j;, j,, ky,and k, are
positive constants. Suppose that the positive matrices A and B
satisfy the condition:

le 22| < @ }

”eB(t_.[)” S QZ (14)
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where Q,and Q, are positive constant. Also, the functions

R(t—1) and Gt—1) satisfying conditions
IR( — D)l < 2=
(o (1.5)
G- )l < Z2
= (t-1)+-F
where —0<0<T<t<T<00<a<1,086<

1, h and o are positive constants, and the integrals of
[[R(t — 7)|| and ||G(t — ©)I|, and by using gamma function,

we can find that

JLIRGE = Dllde = pg and [ IG(t~$)llde = pg
where p, = a'~%hTI'(a) and pg = B*~FaT(B).
The nonempty sets are as follow:-

Dg = D1 - (12 + TQzN)

where 1) = [lxolI(lle®*]l + IIEID) and I, = llyoll(lle®]l +

IETD

Moreover, assume that the maximum eigen-value of the
Tleé TQ1P§51

matrix A = is less than unity, i.e.
TQZP; TQZP;;,

TQ.p} + TQZPZ <L 1.7)

2. EXISTENCE, UNIQUENESS AND STABILITY
SOLUTION OF THE SYSTEM (1.1)

Theorem 2.1 (Existence theorem). Let the system (1.1)
satisfy the inequalities (1.3)-(1.5) and the condition
(1.6) and (1.7). Then the sequences of vectors functions
{0 ()} —0 and {3, (t)}5a—, are defined by the following:
Xm41(t %0, ¥o) = erAtt

+ J‘ EA(t_T)f(t! Em+1r um+1)dT ) X(O)
0

=x,m=0,1,2,.., (2.1)

and,
Ym+1(t, X0, ¥o) = )’OeBtt

+ J‘ eB(t_T)g(tl Hm+1, U‘m+1)dT ’ y(O)

= ;O,m =0,1,2,.., (2.2)
Em+1 = f; l(xm(T' X0,Y0) — ¥Ym(T, xo:yo))dT,
Hm+1 = f,_.dy(xm(‘f, X0, Yo) — Ym (T, xo'J’o))dT,
s = Loy R(E =) (m (T %0, Y0) =
Ym (T, xo:yo))dT»VmH = f_too G(t— T)(xm(T, X0, Yo) —
Ym (T, xo:yo))dT,

where

convergent uniformly when m — oo in the domain (1.2) to
the limit vectors functions x°(t,x,,v,) and y°(t, xo, vo)
which are satisfying the following integral equations:-
x(t, %0, ¥0) = xge*

t

+ f eAt=Df(t,e,u)dr,x(0) = x4 (2.3)
0

)’(tzxo’}’o) = yoe®t

* f eBEDg(t, w,v)dr,y(0) = y, (24)

0

b
where &= [ A(x(z,x0,¥0) — ¥(z, %0, ¥0) ) dx,

da

u= fy(x(‘[, X0, ¥0) — ¥(1, xod’o))d‘[.

c
t

u= fR(t - T)(X(T, X0, Yo) — y(T, xo,yo))df,

—0o0

t
v= f G(t — )(x(x,%0,¥0) — ¥(1,%0,¥0))dT,

and it’s a unique solution to the system (1.1), provided that

”xo(t' Xo, yO) - xm(t: Xo, }’0)”
< AM(E - AW, (2.5)
ly° (¢, x0, ¥0) = Ym (t, X0, yo)l
L +TQ M
where W, = ( ) ,
I, + TQ,N
TQip} TQipd
AM = , E is an identity matrix, for all
TQZP; TQZP;
m=1landt € R'.
Proof: From (2.1) and (2.2) when m=0, we find that:
||x1(t. X0, yO) - xO” < 11 + TQ11WY for a" te Rl, Xo € Df

ly1(t, %0, ¥0) — Yoll < I, + TQ,N, forallt € R, y, € Dy.
By mathematical induction and from (2.1) and (2.2) , we get:-

Il (£, X0, ¥0) — Xoll < Iy + TQ1M
lym (£, %0, ¥0) = Yoll < I + TQ,N

(2.6)
@.7)

i.e. X, (t) € Dy, ¥ (t) € Dy, xo € Dy, yo € Dy forall t € RY.

After that, we shall prove the sequences of vectors functions from
(2.1) and (2.2) uniformly converges on domain(1.2), when
m > 1, we have

22 (t, %0, ¥0) — %1 (t, X0, Yo) I

< TQup2llxy (¢, x0, ¥0) — ol + [ly1 (¢, X0, ¥0) — Yol
where  p2 = j;A(b — a) + jopa

(2.8)

Similarly
ly2(t, x0, ¥0) — y1(t, X0, Yo)ll
= TQZPE(”xl(t! x0,¥0) = Xoll + Iy1 (¢, %0, ¥0) — ¥oll)  (2.9)
Where p}; =kyy(d —c) + kopg
By mathematical induction, we can get:-
”xm+1(t' X0, yO) - xm(t' X0, y()) ”
= Tleé(”xm (t' X0, yO)
= Xm-1(t, X0, ¥o) |l
+ 1y (€, X0, ¥o)
= Ym-1(t, %0, ¥0)I) (2.10)
and
lym+1(E x0, ¥0) = Y (€, X0, Yol
< TQZpg(”xm (t' X0, yO)
= X1 (£, X0, o)l
+ 11y (€, X0, ¥o)
= ¥m-1(& %0, y0) I (211)
We rewrite the inequalities (2.10) and (2.11) in vector form, we
find that
Wini1(t) < A Wy (6 (212)
12641 (¢, X0, ¥0) — Xm (£, X0, Yol
where Wy, 1(t) = ( )
lym+1CE x0, o) = Ym (E, X0, o)l
”xm(t' X0, YO) - xm—l(t' X0, yO)”

Wn((t) = ( ) and
1y (£, X0, ¥0) — Yim—1(t, X0, yo)l
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TQ1P£ TQ1P£

A =

TQZPE TQZP};
Also from (2.12). We get
Wm+1 sA™ WO
and hence

m m
Z W < Z A,
= =

By condition (1.7), the inequality (2.14) is uniformly
convergent when, m — oo, and
m

(2.13)

(2.14)

lim ' A1 W, = ZAH W, = (E— A)"'W, (2.15)
Jj=1 Jj=1
Thus the sequence of vectors functions (2.1) and (2.1) are
uniformly convergent. Suppose that
Lim xm (¢, %0, y0) = x°(t, Xo, ¥o)
(2.16)
nllil”’;lo)’m(t' X0, ¥0) = ¥°(¢, x0, ¥o)

Since the sequences of function (2.1) and (2.2) are defined
and continuous in the domain, (t,x,y) € [0, T] X D x D, then
the limiting functions x°(t,xq, y,) and y°(t, xo,v,) are
also defined and continuous in the same domain.

Moreover, by (2.15) and proceeding (2.1) and (2.2) to the
limit when m — o this show that the limiting functions
x°(t, x9,v0) and y°(¢t,x0,y,) are the solutions of the
integral equations (2.3) and (2.4).

Finally, we have to show that the solutions of system (1.1)
are unique, suppose that X(t, xo,y,) and §(t, x,yo) be
another solution to the system (1.1), then

f(t! X0, J’o) = erAt + eA(t_T)f(tl’é , )dTI (217)

aC

y(terﬁyO) = YOeBt + f eB(t_T)g(tlﬁ! ﬁ)dT/ (218)
0

where
b

= f/l(f((‘r, x0,Y0) — §(T, %0, ¥0))d7; 1

a
t

- f R(t — 7)(X(, %0, o)

- }NI(T! X0, yO))dT’
d

ﬂ = fy()N((T, xO!yO) - }N’(T'xo'yo))d'fi v

c
t

= fG(t - T)(X(T,XO'YO)
- );E?[' xO'yO))dT'

Then,

[1x(t, %0, y0) — &(t, x0, yo)l
< TQ:pd(llx(t, xo, o) — &(t, 0, ¥o)l
+ Iy (t x0, ¥o)
= §(t x0, ¥0)I)

ly(t, x0, ¥0) = F(t x0, Yo) I
< Tsz;(”X(t, X0, ¥Y0) — X(t, %0, o)l
+ Iy (t, %0, ¥0)
= §(t, %0, y0) D

(2.19)

(2.20)

122

Rewrite the inequalities (2.19) and (2.20) in a vector form, we
get

(”X(t' X0, Yo) — X(t, xo:)’o)”)

”y(t' X0, yO) - }~’(t, Xo, }’0)”
[1%G x40, yot) — X(t, x0, Yo)l
<A . (2.21)
ly(t, x0, o) — F(t, x0, Yo) I
Tleé} Tleé}
where A =
TQZP;;'/ TQZP;;'/
Also from (2.21), we have:

(”X(t: X0, Yo) — X(t, xo:)’o)”)

Iy (t, x0, ¥0) — F(t x0, Yo)l
[1x(t, x0, y0) — &(t, %0, yo)l
<A™ . (2.22)

Ily(t, x0, ¥0) — F(t x0, Yo) I

From the condition(1.7), we conclude thatx(t,xg,¥,) =
X(t, xg,y0) and y(t, xq,vo) = ¥(t, x0, Vo), then the solutions of
(1.1) are unique. Thus the proof is complete.

Theorem 2.2. Let x(t,x,,V,) and y(t, x, yo) are solutions of
the system (1.1), and all condition of the theorem 2.1 are
satisfied, then the following inequalities holds
lIx(t, x5, v ) — x(t, x5, y§ )l
< QiF Fsllxg — x4l

+ TQ1Q1plFiFFsllys — v2ll (2.23)
“}I(t'x(%' y(% ) - Y(t! xg' yg )”
< TQ1Q1P;F1F2F3”X3 - Xg”
+ Q2F2Fsllyg — i (2.24)
for all t€R?, x5,x§ €Dy and y5,y6 €D, where F; =

(A=TQpH)™ , K=~ TQZP;)_l and
F3=(01- T2Q1Q1P6}p;F1F2)_1-
Proof: Let x(t,x3,v3), y(t,x3yd) and x(t,x3,v2),
y(t, x2,y?) are two solutions of the system (1.1), then
lIx(t, x5, y5 ) — x(t, x5, y§ )|l
< llxg — x5 11Qq
+ TQ1pd (lIx(t, x5, ¥ ) — (&, x5, 5 )l
o + lly(t x5, y5 ) — y(& x5, ¥5)1) (2.25)
r
lIx(t, x5, y5 ) — x(t, x5, y§ )|l
< llxg — x511Q1Fy
+TQ:p¢Fylly(t x5, 5 )
=yt x3,y5)l (2.26)
and
lly(t x5, v5 ) — y(t 28, )l
< llys — ¥§11Q2
+ Tsz};’(IIX(t, x5, Y0 ) — x(t, x5, ¥§ )l
+y(xg,v6) -y x5,y (227
or
||Y(t: xé,yé ) - Y(t: xg'yg )”
< llys — y5l1Q2F;
+TQyppF lIx(t x5, ¥5 )
—x(t, x5, y8)l (2.28)
Substitute (2.28) in (2.26), we get (2.23) and substitute (2.26) in
(2.28), we get (2.24). Hence, the proof is complete.
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3. EXISTENCE, UNIQUENESS AND STABILITY OF
PERIODIC SOLUTION OF THE SYSTEM (1.1)

In this section, we investigate the existence, uniqueness and
stability of periodic solution of the problem of nonlinear
system of differential equation (1.1).

Let the vector functions f (¢, &, u) and g(t, u,v) in (1.1) are
defined on the domain

(t,x0,¥0) € [0,T] X D; X D3, B.1

where D, and D; are closed and bounded subsets of
Euclidean spaces and u = f_twR(t =) (x(t,x0,¥0) —

y(1,x0,¥0))dtr, and v = f_tw G(t — )(x(z, %0, ¥0) —
y(t,%0,y0))dT , continuous functions in ¢, x, y and periodic
in t of period T, ie f(t,eu)=f({t+T,&u) and
gt uv) =gt +T,uv). Also the vector
functions £ (¢, &, u) and g(t,u,v) satisfy (1.3) for all t €
[0,T], and the matrices A and B satisfy the inequality
(1.4),where —0 <0<7T<t<T< o,
We define the non-empty sets:

Dy =D, — Q1TM }

D1g =D; — QTN

Furthermore, we suppose that the greatest eigenvalue ﬂmax

(3.2)

Ul(t)leé} Ul(t)leé}
of the matrix A(t) = , does
Uz(t)QzP; Uz(t)sz}gl
not exceed unity, i.e. satisfies the inequality (1.7)
Lemma 3.1: Let the vector functions

f(t,&,u) and g(t,u,v) are defined and continuous on the
domain (3.1) and satisfy (1.3), then the inequality
(||F1(t;xo;}’0)||) < (01(1')Q1M)

33
161 (t, x0, y)l) = \02(0)Q2N (3:3)
holdsfor0 <t <T, o,(t) <T, and o,(t) < T where

F1(€; X0, Yo)

= f eAt=D(f(1,¢,u)
0
A

edAT — F

T
f eAT=Df (7, g, u)dr)dT (3.4)
0
Gl(t' Xo, y())

¢

= f e8I (g(1,e,u)

0

T
- eBTB_ Ef eAT =D g(1,&,u)dr)dr (3.5)
0
01 (6)
_t(ehaIT — 2elall 4 |IE]]) + T(elANe — E])) o)
el — I E]| '
a,(t)
e BT — 2¢lBIE 4 |IE|) + (BN — |IE]) -
- TR — [ G2

Proof: From (3.4), we have
IFy (¢, x0, yo)ll

t

1Al — g

e

< Ell| - —m88— A(t-1)

(0 eMW—”ﬂO!W e, )l dr
eIl g
eI (]

<o, (OO M

Similarly, we get

lF1 (¢, %0, yo)ll < 02()Q2N (3.9)
from (3.8) and (3.9), we conclude that the inequality (3.3)
holdsfor0 <t <T, 0,(t) <T, and o,(t) <T.

T
f||€A(T‘T)|IIIf(r, &0l de
t 38)

3.1 Approximation of periodic solution

Theorem 3.2: Let f(t, & u) and g(t,u,v) are defined on the
domain (3.1), which are continuous in t, x, y and periodic in t of
period T, also satisfying the inequalities (1.3) and the conditions
(3.2) and (1.7), then the sequences of function defined by
Xm+1 (L, X0, ¥o)

t

+ f eA(t_T) (f(Tr gm+1,um+1)

0
T

A
T eAT _ f eAT D f (1, em41, Ume1)dT) dT,

0
with x(0) = x,, m=20,1,2,.., (3.10)
and
Ym+1(t, X0, Vo)
=Yo
t
+ f eB(t_T) (g(T' Hm+1) vm+1)
0
5 T
T BT _ Ef eBT=Dg(1, 1, Vin+1)dT) dr,
0
y(0) = y,, m=0,1,2,... (3.11)

b
Where Em+1 = fa l(xm(‘[' X0, yO) —Ym (T; X0, yO))dT;
d
HUm+1 = fc V(xm(T' X0, Yo) — Ym (T, xo'}’o))d‘f.
t

Unt+1 = fR(t - T)(xm(T' X0,¥0) = ¥m(T, xo,YO))dT,

—
t

Um+1 = f G(t— T)(xm(T: X0, yO) —Ym (z, X0, yO))dT'
are periodic in t of period T, uniformly convergent as m — oo in
the domain (3.1) to the limit functions
xO(t, x0,v0) and y°(t, xo,y,) respectively, which are periodic
in t of period T and satisfy the system of integral equations:
x(t! X0, YO)
t
+ f eAt=D(f(1,6,u)
0
A

edAT — F

T
f eAT=Df(1,g,u)dr)dr, (3.12)
0

and
y(t' X0, y())
=Yo
t

+ f eBED (g(T,1,v)

0
T

B
Ry f eBT-D g (1, u, v)dr) dr,

(3.13)
b 0
where & = [ A(x(z, X0, o) — ¥(T, X0, ¥0))d7,
da

u= j ¥ (x(x, %0, ¥0) — (T, %0, 0) ) dr,

c
t

u= f R(t — D)(x(1, %0, ¥0) — ¥(1, %0, ¥0) ) dT,

—oo

t
v= f G(t — ‘L')(x(r,xo,yo) —y(z, xo,yo))dr,

—00
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its unique solution of (1.1) and satisfy the following
inequality

”xo(t' Xo, y()) - xm(t: Xo, }’o)”

ly°(t, X0, Y0) = ¥Ym (t, X0, Yol
< AM™(E - D)7, (3.14)

TQM
Where V, = ( > , E is an identity matrix.

TQ,N
Proof: The sequences of functions x,, (t, xo, vo) and
Ym (t, X0, Vo) are defined in (3.10) and (3.11) are defined
and continuous in the domain (3.1) and periodic in t of
period T. Now by lemma 3.1 and from (3.10) when m=0,
we get
ll2¢1 (&, %0, ¥0) — X0l < 01 (£)Q1M < TQ M
also from (3.10) and by lemma 3.1,we obtain
ly1(t, %0, ¥0) — yoll < 02(t)Q@2N < TQ,N
and by using mathematical induction we can prove the
following inequalities form > 1.

|26 (£, %0, Y0) — Xoll < TQ M (3.15)
and
lym (t, X0, ¥0) — Yoll < TQN (3.16)

From (3.15) and (3.16), x,, (t, x0, ¥o) €
D, and y,(t,x¢,y0) € D3 forallt € [0,T], x, €
Dy and yg € Dy .
Now, we prove that the sequences {x,,(t, xq, ¥o)}m=o and
{ym (t, %0, o) }m=o are uniformly convergent in the domain
3,1).
(By asing lemma 3.1 and from (3.10) and (3.11) when m=1,
we obtain:
ll2x2 (¢, 0, ¥0) — x1(t, X0, Yo)l
< 01 () Q& (llx1 (¢, %0, ¥0) — ol
+ ly1 (&, x0, ¥0) — Yoll), (3.17)
and
ly2(t, x0, ¥0) = y1.(t, X0, Yol
= Uz(t)QZP;(||x1(t; X0, Y0) — Xoll
+ 1y1 (8, x0,¥0) — yol) (3.18)

Also by using mathematical induction, we can prove the
following inequalities:
”xm+1(t' X0, YO) - xm(t! X0, ZYo)”
< 01 () Q1P (llxn (£, %0, ¥0)
= Xm—1(t, X0, Yol
+ lym (¢, x0, ¥0)
= Ym-1(t %0, y0) ) (3.19)
lyrm+1(Es X0, ¥0) = Y (t, %0, Yol
< 05()Q2pp (llxm (8, X0, ¥0)
= Xm—1(t, X0, Yol
+ ”)/m(t'xO'yO)

= Ym-1(t, x0, y0) ) (3.20)

we rewrite (3.19) and (3.20) with vectors form and on the
following mode:
Vi+1(t) < A0V, (6) (3.21)

where
1% 41 (E, X0, ¥o) — X (E, X0, Vo) I
Vm+1 = ’

1Yma+1(t X0, o) — Ym (t, X0, Yo) I
|2t (¢, %0, Yo) — Xm—1(t, X0, o)l
Vin =

1y (t, %0, ¥0) = Ym—1(t, X0, ¥o)l
4] (f)Qﬂ’é
and A(t) =
(o) (t)sz; Uz(f)sz;g/
Now, we take the maximum value for the two sides of the
inequality (3.21), we get:
Vinsr S A Vi,

0, ()Q1p}

(3.22)
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Where A = max_A(t), we obtain
te[o,T]

TQ1P£ TQ1P£
A= , Also (3.22) , we find
TQZP; TQZP;;/
Vi1 < A™ Vg (3.23)
TQM
where V; = ( ) and also we get
TQ,N
m m
Z /S Z ALY, (3.24)
i=1 i

=1
by condition (1.7) then the sequence (3.24) is uniformly
convergent that is
m

lim Y A1y, = Z A1y, = (E— M),  (325)
m i=1 i=1
Let

131121)0 Xm (t, X0, Yo) = x° (¢, X0, o) }

lim yn (¢, %0, 70) = ¥° (¢, %0, ¥0)
Since the sequences of function (3.10) and (3.11) are defined and
continuous in the domain (t,x,y) € [0, T] X D, X Dg, then the
limiting functions  x°(¢, xo, yo) and y°(t, xo,y,) are also
defined and continuous in the same domain.

Moreover, from (3.25), (3.10) and (3.11), when m — oo , the
limiting functions x°(t, x,, vo) and y°(t, x, yo) are the solution
of the integral equations (3.12) and (3.13) respectively.

(3.26)

Finally, we have to show that x(t,x,,y,) and y(t, xo,y,) are
unique of periodic solution of the system (1.1).

Let x4 (t, X0, ¥o) and Ve (t, xo, Vo) be another solution of (1.1),
ie.
Yoo (t, X0, ¥0)
t

+feA(t‘T)(f(‘r, &u)

0

T
A
v Ef eAT-Df(1,e,u)dr)dr, (3.27)
0
and
yoo (t, xOJ .'VO)
=Yo
t
+fe5(t‘f)(g(r,u, V)
0
B T
R j eBT-D g(z, u, v)dr) dr, (3.28)
0
where
b
£= j A(xeo (T, %0, Y0) — Yoo (T, X0, ¥0) ) T,
a
d

©= fy(xm(r, X0,Y0) — Yoo (T, X0, ¥0) ) dT,

c
t

u= f R(t - T)(xoo(TJ X0, yO) - yoo(T' X0, YO))dT.

—oo

t
v= f G(t — ‘L')(XOO(T, X0, Y0) — Voo (T, xo,yo))dr,

—00

From (3.12) and (3.13) the following inequalities holds
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”x(t’ xO!yO) - xoo(tfxO'yO)”
< 01 () Q12 lx(t, x0, ¥0)
- xoo(trxoryo)”
+ lly(t, x0, ¥0)
= Yoo (£, %0, Y0) 1) (3.29)
1y (t, X0, Y0) = Yoo (£, X0, YOI
< Uz(t)QZPZ(“x(t:xo'}’o)
- xoo(trxoryo)”
+ lly(t, x0, o)
= Yoo (£, X0, Y0) 1) (3.30)
Thus

<||x(t'x()ly0) - xoo(t'xO'yONl)

ly(t, X0, ¥0) = Yoo (t, %0, YOIl

[l (t, X0, ¥0) — Xoo (t, X0, Yo)l
< /1< > (3.31)

||Y(t: X0, }’0) - yoo(tﬁ X0, 3’0)”
by iteration we find that

<||x(t: X0, Y0) — xoo(t»xo'YO)”)

ly(t, x0, o) — Yoo (£, %0, YOIl
||x(t:x0;}’0) - xoo(t! xo,YO)”
< Am

> (3.32)
||}’(t: X0, yO) - yoo(t! X0, yO)”

But from the condition (1.7), we get A™ —» 0, when m —
oo, hence we obtain that x(t,xq, Vo) = xo(t, X0, ¥0) and
y(t, X0, Vo) — Vo (t, X0, ¥o) Which proves that the solution is
unique..

3.2 Existence of periodic solution

The problem of existence solution of the system (1.1) is
uniquely connected with the existence of zeros of the
functions  A;(x0,y0) € D1y X Dig = R and Ay (xo,¥0) €
Dy X Dyg = R which has the form

Ay (x0,¥0) ;

= Axy + eATA_ 5 f eAT-Df (1, e,u)dr, (3.33)
Az (x0,¥0) ’
=By, + eBTB_ EJeB(T‘T)g(r, W v)dr, (3.34)

0
where &= [ 2(x(z, X, ¥0) — ¥(T, %0, ¥9))dT,
d

U= f ¥ (x(x, %0, ¥0) — ¥(T, %0, ¥0) ) dr,

c
t

f R(t = ©)(x(z, %0, 0) — ¥(z, %o, ¥0))d,

—oo

t
[ 6= D303 = y(@. 00, 70

—00

IS
I

<
I

Since these functions (3.33) and (3.34) are approximately
determined from the sequences of functions.

A (X0, ¥0)
= AxO

T
A
2AT _ Ef e 0D f (T, ey, U1 )dT,
0

Az (X0, Y0)
= By,

B
2BT — E'feB(T_T)g(T'.um+1rvm+1)dT:
0

+

(3.35)

+

(3.36)

where
b
Em+1 = f/l(xm(r,xo,yo) = ¥m(T, xo:yo))dT:

a
a

Hm+1 = f)/(xm(‘[t X0, Y0) — Ym(T, xo'yo))d‘f,

c
t

Upy1 = f R(t— T)(xm(‘[' X0, Yo) — Ym(T, xo'yo))df

—oo

t
Um+1 = f G(t - T)(xm(T: X0, }’0) - ym(T: X0, YO))dT.

for m=10,12,..
Theorem 3.3: Let all assumptions and conditions of theorem 3.2
be satisfied, then the following inequalities hold
141 (x0, ¥0) — Agin (o, Yol
< ((LlQﬂ’é
= Wim
142 Cxo, ¥0) — Agm (xo, Yo)ll
=< <(L2Q2p;;/

= Wam

L1leé):Am(E - )W)
(3.37)

LzQzPZ;/) ,A™(E — D7)
(3.38)

where
AlT IIBIIT

1= gmarygy 2 T Gl and wq,, , Wogy, are positive

constant satisfy form = 0, xo € D15, yo € D;4 and <> denots

to the non-cross product in the Euclidean space R™.
Proof:

By equations (3.33) and (3.35) and using (3.14) , we have
1A1 (%0, ¥0) — Ay (X0, Yol

A
= e”A”T——IIIIEII [01 () Q1pZ (Ilx(t, x0, ¥0)

- Xm(t, X0, yO)”
+ ly (t, %0, ¥0) — ¥ (t, X0, ¥0) D]
<((L1Qip¢  L1Q:pd), A™(E — N)71Vp)
= Wim
also from the equations (3.34) and (3.36) and using (3.14) , we
get
[1A2 Cxo, ¥o) — Agm (X0, o)l

B
= W_””E” [02(©)Q2pp (I1x(t, x0, ¥o)

- xm(t' X0, }’0)”
+ ly (&, x0, ¥0) — ym (&, x0,¥0) D]
< ((L@ep}  L2Qap}), A™(E — 1)7Vy)
= Wam
Now, we prove the following theorem taking in to account that
the inequalities (3.37) and (3.38) will be satisfied for all m > 0.
Theorem 3.4: Suppose that for m > 0 the sequences of functions
A (%0, Vo) and Ay, (%0, Vo), Which are defined in (3.35) and
(3.36) satisfy the inequalities:
i Ay (x0,¥0) < —Wim \I
f (3.39)
)
|
(3.40)

min
a14TQ,M<xy<b1-TQM
C14TQN<y,<d1-TQ,N

max A (x > w
Q14TQ; MSX9<b1-TQM 1m (X0, ¥o) im

C1+TQ,;N<y,<d1-TQsN
min Ay (x < -w
a14TQ; MSxg<b1-TQ;M 2m (%o, ¥o) 2m
C1+TQ;N<y,<d1-TQsN

a1+TQ1Mrsralc%)s(b1—TQ1M Bom (X0, ¥0) 2 Wam

14T Q;N<y,<d1-TQ,N
Then the system (1.1) has a periodic solutions x = x(t, xo, ¥o)
and y = y(t, x, y,) such that xy € [al + TQ;M, b1 — TQ,M],

Yo € [c1+ TQ,N,d1 — TQ,N].
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Proof: Let xq,x, be any points in the interval [al +
TQM,b1l —TQ.M], and y4, y, be any points in the interval
[c1+TQ,N,d1 — TQ,N] such that
' )
|
f (3.41)

Ay (x1,y1) = A1 (X0, Y0)
Az (x0,¥0) \I

min
al+TQM<xo<b1-TQ M
C14TQ,N<Yy,<d1-TQ,N

A (x2,¥2) = A (X0, Y0)

max
a14+TQ MSXg<b1-T QM
C1+TQ;N<yo<d1-TQ,N

Ay (x = min
2m (X1, Y1) a1+TQ,M<xg<b1-TQ;M
C1+TQ;N<yo<d1-TQ,N
(3.42)

Ao (X2, ¥2) = Az (X0, ¥0)

max
al1+TQ;M<sxo<b1-TQM
c14TQ,N<yo<d1-TQ,N
By using the inequalities (3.37) and (3.38), we have
Ay (x4, y1) = Dy (g, 1) + (Al(pr’l) - Alm(leyl)) <0 ] (3.43)
Ay (x2,¥2) = Ay (x5, ¥5) + (A1(x2'yz) - Alm(XZIyZ)) >0
Ay (x4, y1) = Dy (0, 71) + (Az(xlr}ﬁ) - AZm(xllyl)) < O} (3.44)
Dy (%2, ¥2) = Do (x2,¥2) + (Az(xz'yz) - AZm(XZIyZ)) >0
and from the continuity of the functions A;(x,,v,) and
A, (xg, ¥o) and the inequalities (3.43) and (3.44), then there
exists an isolated singular point (x° y°) = (xo,v,) and
x° € [x1, %], ¥° € [y, y2] where A; (o, ¥o) and A, (xo, yo)
are equals to zero, this mean that the system (1.1) has
periodic solutions x = x(t, xg, o) and y = y(t, xo,y,) for
Xo € [al +TQ;M, b1 —TQ;M], ¥, € [c1+TQ,N,d1—
TQ,N].

Theorem 3.5: Suppose that A;(xo,¥o) € D1y X D1g = R
and A, (xo,¥o) € Dy X D14 — R which has the form

A1 (x0, y0)

= Axy + v f eAT-Df (g, %, u0%)dr, (3.45)
0
A5 (x0,¥0)
5 T
=Byo+ f eI D g(z, u° v°)dr, (3.46)
0
where
b
e = fl(xo(r,xo,yo) _yo(Tlxo;}’o))dT,
a
d

ul = fy(x"(r,xo,yo) — ¥°(7, %0, ¥0) ) dx,

c
t

ul = fR(t =) (x°(, %0, ¥0) — ¥°(7, %0, ¥0))d7,
v0 = f_too G- T)(xo(f’ X0, Yo0) — yO(T, xod’o))d‘f’
where x°(t, xo,vo) and y°(t, x,,v,) are the limit of the
sequences of functions (3.10) and (3.11) respectively, then
the following inequalities hold:

1A1 (xo, Yl < I3 + L1Q1 M, (3.47)
1Az (x0, Yl < I + L, Q2N , (3.48)
1Ay (x5, ¥3) — Ay (x3, ¥yl
< Wyllxd — x2||
+ Wsllys — 51l (3.49)
142 (xg, x5) — A2 (x, X
< Wellxd — %2l
+Wsllys = ¥, (3.50)

I3 = llAlllixoll, Ly = IBIlllyoll, Wy = (1~
-1 -1

TQpd) Wy =(1-TQup}) Ws=(1-

T2Q1Q2P£PEW1W2)_1 , Wy = AN+ Ly Qupd Wy Ws (1 +

TQZP%WZ)

where
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Ws = L1Q1P§W2W3(1 + TQ1P¢?ZW1)v We = L2Q2P2W1W3 (1 +
TQupyWs), Wy = IBIl + Ly Qo WoWs (1 + TQupiWs)

Proof: From the properties of the functions x°(t, x,,v,) and
yO(t,x9,y0) Were fixed in the theorem 3.2, the function
Ay (xg, y0) and A, (x,y,) are continuous and bounded by 75 +
LiQ:M, and I, + L,Q,N respectively in the domain (3.1). By
using (3.45) and (3.46), we get

1141 Geo, yo) Il < 11 Al xol

T
A
P f lleAT=Dlllf (z, &%, u®)lldx

elAlT —
0
<L+LQ:M
and
142 Cxo, yo)ll < lIBIHlyoll

T
1Bl _
+e"B”TEf”€B(T gz, u°, v®)lldr
0

<I,+ L,Q,N
By using (3.45) and (3.46), we obtain
||A1(x%r3’%) - A1(x3ryg)||
< lAllllxg — x5 I
+ L1Qipl (llx(t, x5, ¥8) — x(t, x5, yd)
+ lly(t, x5, y5)
_y(t'xg'yg)ll) )
”Az(x%rY%) - Az(xgryg)”
< 1Bllllxg — x5l
+ LZQZP;(”x(t: x3,¥3)
—x(t, x5, y3)Il
+ lly(t, x5, v8)
- y(t, x5,y (3.52)
The norm |lx(t, x5, y3) — x(t,x§, y)Il and  |ly(t, x5, ¥5) —
y(t,x2,y2)|l in (3.51) and (3.52), were gain from the following
equations:
x(t, x5, ¥9)
=xl
t

(3.51)

+feA(t")(f(r,e,u)

0

T
A
T AT _ Ef e Df(z,e,u)dr)dr,  (3.53)
0
and
y(t,x3,¥8)
t
+ f eBED (g(r, 1,v)
0
T
R feB(T‘T)g(T 1, v)dt) dt (3.54)
eBT _ E » ) .
0
where

b
&= fl(x(‘r, xs,y8) —y(z, x%,y&))d‘r,
a
d
w= fV(X(T, xd,y8) = (@2, ) )dr,

c

t
u= [ RG=0)(xw .98 - (@b,

—oco

t
v= f G(t— T)(X(T. x3,v8) —y(x, xé.y&))dr.

—o0
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Now, use the equation (3.53) as follows
llx(t, x5, ) — x(t, x5, )
< llxg — 2§l
+TQupg(l1x(t, x5, ¥5) — x(t, x5, )l
+ lly(t, x5, 75) — y (&, x5, v,
then we can write
llx(t, x5, ¥5) — x(t, x5, y)I
< Wyllxd — x3||
+TQ1piWy lly(t, x5, ¥5)
= y(t, 23,y
Also, use the equation (3.54), we get

(3.55)

||Y(t' Xé,yé) - y(t'x(%'y(%)”
< llys = ¥3ll
+ TQapp (Ilx(t, x5, ¥5) — x(t, x5, y)
+lly(t, x4, v5) = y(&, x5, vy,
then we write this equation as follows
||y(t'x3'y3) - y(t'Xg'yg)ll
< Wallyg — ¥3ll
+TQapfWollx(t, x5, v5)
—x(t, x5y,
Now, substitute (3.56) in (3.55), we find that
llx(t, x5, y5) — x(t, x5, y)l
< WiWsllxg — x5l
+ TQipi Wi W, Wsllys
-y, (3.57)
and substitute (3.55) in (3.56), we get
ly(t x5, ¥5) — y(&, x5, ¥l
= TQZP;W1W2W3||JC% = xgll
+ W, Wsllys — vsll, (3.58)
Finally, we substitute the inequalities (3.57) and (3.58) in
(3.51) we get (3.49) and substitute the inequalities (3.57) and
(3.58) in (3.52), we get (3.50).

(3.56)
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