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ABSTRACT:

We give a new investigation of periodic solutions of nonlinear impulsive fractional integro-differential system with different orders
of fractional derivatives with non-separated integral coupled boundary conditions. Uniformly Converging of the sequence of
functions according to the main idea of the Numerical-analytic technique, from creating a sequence of functions. An example of
impulsive fractional system is also presented to illustrate the theory.

KEYWORDS: Caputo fractional derivative, fractional integro-differential, integral coupled boundary conditions, Periodic

solutions, successive approximation method.

1. INTRODUCTION

Fractional differential equations have been developed in the
last decade as good tools to describe the mathematical
modeling of systems and processes in the fields of physics,
chemistry, aerodynamics, economics, control theory and
image processing, etc. (Kilbas etal.,2006, Sabatier etal.,2007,
Lakshmikantham ezal., 2009). On the other hand, we observe
periodic motions in every field of science and everywhere in
real life (Farkas,1994). The applications and theory of the
fractional differential equations have recently been collected
by several researchers for different problems, we refer the
reader to (Ahmad and Nieto,2014, Henderson etal.,2015).
The theory of impulsive differential equations is a new and
important field of differential equation theory, many authors
see (Agarwal etal.,2010, Wang, etal.,2012, Feckan etal.,
2012, Wang etal.,2014), which has been an object of
intensive investigation in recent years, and applications to
different areas have been considered. However, the concept
of solutions for impulsive fractional differential equations
(Zhou and Chu,2012, Bai etal.,2016, Bai and, Zhang,2016,
Dong etal.,2017) has been argued extensively,

Also an extended this method by (Feckan and
Marynets,2017) to nonlinear system of integro-differential
equation (Butris etal.,2017, Butris, and Taher,2019) and
Caputo type differential equations with periodic boundary
value problems (Mahmudov etal.,2019). Furthermore, the
investigate of a coupled system of fractional order is also
very significant because this type of system can often occur
in applications. The reader is referred to read (Su,2009, Wang
etal.,2010), and the references cited therein.

Caputo-type fractional integro-differential system with
nonlinear coupled integral boundary conditions has been
considered in this paper. We apply picard approximations
technique proposed by (Ronto and Samoilenko,2000, Ronto
etal., 2015, Marynets,2016, Feckan and Marynets, 2018) for
investigation the existence, uniqueness and approximation of
periodic solutions of nonlinear fractional integro-differential
system with nonlinear coupled integral boundary conditions.
Motivated by the works mentioned and many known results,
we use the numerical analytic method to investigate the
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existence and uniqueness of periodic solutions and define our
problem

a(t)
Diu(t) = fE AT U@, [ K(E5)(uls) ~ 2(5))ds)
0
t+t;
b()
D}a(0) = 96 pE, 2O, [ REHw) - 2)ds) |1y
t qtoti
Aufiy, = Ii(ﬁ(f’ @), u(t)) ) Az|oy, = ]i(ﬁ(T; a), Z(t))
i,j=12,..,n
with non-separated integral coupled boundary conditions
T
Au(0) + Bu(T) = f hy(z(s))ds, with det(B) #0
0 .. (1.2)

T
€z(0) + Dz(T) = f hy(u(s))ds, with det(D) #0
0

forallt € [0,T], A,B,C and D are n X n matrices where °D§,
s CD(])/ + » denote the Caputo fractional derivatives,

0<a,y <1, also B(r,a) and B(r,y) are said to be special
functions provided that (Beta function), the function f,g €
C([0,T] x Q% Dy,D,,R), Q= (0,T] x (0,1], D, and D, are
compact subset of, also a , b , h; and h, are continuous functions
on [0,T]

2. BACKGROOUND METERIAL
In this section, some definitions of fraction calculus and lemmas
are presented which are used for the statement of the problem
(1.1) and (1.2).
Definition 2.1 (Kilbas etal.,2006) For a function g given on the

interval [a, b], the Caputo fractional order derivative of g is
defined by

t
1
6Dg(®) = mf (t =)™ 1g™(s)ds ...(21)
0

where n = [a] + 1 and [@] denotes the integer part of &, and I'(.)
denotes the Gamma function.
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Definition 2.2 (Kilbas etal.,2006) Let g be a function which
is defined almost everywhere (a.e) on [a, b], for a« > 0, we
define

b
1
bpaf = mf(b - lg(D)dt ...(2.2)

provided that the integral (Lebesgue)exists.

Lemma 2.3 Let g(t) be a continuous function for t € [0, T],
then the following estimate is hold

T
F(a) f (t - ) g(s)ds  (5) f (T — )™ g(s)ds

<
< w(t) ter[g‘glfﬂlg(t)l ,

2t t\*
where (,()(t) = m(l _T) .

Proof. It is obvious that

ﬁ [ Oft (t — )% 'g(s)ds — (%)a f (T — 5)*'g(s)ds

t

< f (-9 (5) @ -9 lglas
() fT (T = ) g(s)]ds

Form (Feckan and Marynets,2017), the terms becomes
(t—s)et - (%)a (T —s)e?
oo (-6 (62 )
- (oG (7)o ()

>0

For any s € [0, t), we obtain that

ﬁ [ Oft (t — )% 'g(s)ds — (%)a f (T — 5)*'g(s)ds

< 2 (1 t)a lg(®I
“TI'(a+1) T tE‘[‘r+T]g

<

< w(t) ter[g‘glfﬂlg(t)l

The proof of lemma is complete

Definition 2.4 The solutions of the system of fractional
integro-differential equations (1.1) and integral boundary
conditions (1.2) are defining the following integral
equations:-

u(t, Xo,¥o) = Ug +

1 t
res [ €= 91768 @ 065,02,
0

a(s)
fo K(s, ) (u(E, o, 20) — (5, 11y, 20))dE) ds

5 (7 f (T = 7, B (5,00, (5,0 70),

a(s)
fo K(s, ) (u(§, o, 20) = 2(£, o, 20))d€) ds
a 5,
- (%) Z _ (B @, u()

a T
= [B_lf hy(2(s,uq,29))ds — (B A + Du,
0

+ Z L(B(r, @), u(t)) . (23)

0<ti<t
z(t, ug, zg) =z +
t

S YR
F(V)Of(t $)'1g(s, B(T,y), 2(s,u0, 29),

b(s)
fo R(s, €)(u(E, o, 20) — 2(&, o, 20))d€) dis

-7 f (T = Vg, P51, 25,00, 70),

b(s)
fo R(s, €)(u(E, o, 20) — 2(&, o, 20))d€) ds

t

Y S,
_<T) me;(ﬁ(f,y).z(t))
14
_) [D—lf hz(u(S,uO,zo))ds_ (D71C + Dz,
0

+ Z Ji(B(Tv), (D)) . (2.4)

o<t;<t

3. CONDITIONS FOR CONVERGENCE OF
SUCCESSIVE APPROXIMATION

For investigate of the successive approximation for periodic
solution of the problem (1.1) and (2.2), we need the some
conditions, suppose that the vector functions f,g € C([0,T] x
QX Dy XDy R) I, € C(A%X Dy, R) Q=(0,T] x (0,1],

D, and D, are compact subset of R ,also , @, h; and h, are
continuous functions on [0,T], and satisfies the following
hypothesis.

H,: There exist positive constants
M,L,Ky,K;,Ly, Ly , Mg, and Mp,, such that

If (&, B(z, @), u, x)|| < Mg M } 3.1)
|1:(B(r, @), u(®) || < MpM, A
lg(t, B(z,v), z Y < Mg, L } 3.2)
Vi (B, v), 2(0))|| < Mgy Ly T
If & BT @), us, x1) — f(&, B (T, @), up, x2) || < Mpq
(Killug — upll + Kz ey — x211) - (3.3)
I1:(B (T, @), uy) — L;(B(x, @), ux) |l < MpaKslluy — u,ll
lg(t, B(x,¥) 21, ¥1) — g(&, B(T,¥), 22, )|l < Mg,
(Lillzy = zz |l + Lallyy — y21D - (34)
1B, v) 21) — L(B(T,¥), 2)|l < MB]/L3”ZI — 7|

where
M,, = 1 Mgy, = !
P = &ton Blra) P T <e6n B(r )’
a(t)
% = f K(t,5)(ui(s) — z(s))ds,
0

b(®)
yi= f R(t, ) (wi(s) — zi(s))ds
0
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forallt € [0,T], T € (0,T],
D; and x;,y; €D,, i=12.

Uy, Uy, Zq,2Zy € 4.1 Approximation of Periodic Solution of (1.1) and (1.2)

In this section, we study the periodic approximation solutions of
the system of nonlinear fractional integro-differential equations

H,: There exist positive constants p, ,p; ,qo and q; such
that

IR DI < po » 1R < g0 (3.5
1y (z1) — by DI < pallzs — 2|l .. (3.6)
[lhy(u1) — hy (Ul < qqllug —uall ... (3.7)

forallt € [0,T], uy,uy, 21,2, €D, .

Hj: The kernels K (t, s) and R(t, s) satisfy the following
conditions, when there exist positive constants Ks and Rs
such that

b(t)

a(t)
f [|K(t,s)|lds < Ks and f [IR(t, s)||ds
0 0
<Rs forall st€[0,T] ..(3.8)

Letw (t) = (1 —%) and @(t) =

then w (t) and ¢(t) take these maximum value at t= g s
Ta
and  Moll, = s .

Il llo = max {|. [}

te[0,T]

I‘(a+1)

TV .
el = Srrirgen e Vith

Define the non-empty set

T(Z
Dr = D1 = Zramipq gy MeeM + Ms
..(3.9)
TY
where
M, =M, +25M,, Ms=M;+2S,L, ,

= 1B7HITpo + UIB~H AN + D)llul
and Ms = [ID7||Tqo + (IDHIICI + Dzl

Furthermore, we suppose that the largest eigen-value of the
matrix

H, H,
H, H,

Where
Tll
H1 = mMﬁa(Kl + KZKS) + ZMﬁaleIi
Ta
— -1
Hy = mMﬁaKsz + B~ |Tpy
TV
— -1
H; = mMﬁyLst +[ID7*|Tq,
TV
H, = Mg, (Ly + LyRy) + 2Mg, S, L

22v-1r(y + 1)
does not exceed unity, i. e.

m, +mZ +4(m; —m
)\max(A) =2 2 2 ( 1 3) <1 . (310)
Where
m; =HH, ,my=H +H, , m3=HH;

4. MAIN RESULTS

Our main results separate to the following four parts:
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[‘(a+1) (1 - %)y ’

(1.1) with coupled integral boundary conditions (1.2) will be
introduced by the following theorem.

In the beginning, we define the following sequence of functions

{um}m=o and {z, };m-o given by the iterative formulas
t

N (P
+I‘(0()Of(t S)

a(s)
f(Sr B(Tl (X), U (Sv Uy, ZO)* J:) K(S' E)(Um(a Uy, ZO)
—Znm (E' Uy, ZO))dE) ds

r(a) f (T=9*"

a(s)
£(s, B(T, @), um (s, ug, 7o), J; K(s, &) (um (& o, Z)
s — 2 (§, Up, 7)) dE) ds
£\ 1
_<T) Zt=11i_r(ﬁ(‘[, @), U (o, Z))
[ [t 20 5714
0

+ O BEO U)o @)

0<t;<t
1 t
+—— (=51
r(y)of =

b(s)
g(S, B(T,Y),Zm(s, uO'ZO)lJ; R(Sr E)(um(a uOrZO)
-z (& uo'zo))dz) ds

f(T—s)V 1

U1 (L U, Zp) = U

Zm+1 (6 Ug, Zg) = 7o

F(Y)

b(s)
CCTCMENCINERY I (CLTCNCIEN
¥ s — Z;m (§ U, 29) )dE) ds
B (%) Zt;]i(ﬁ(ﬁ ), Zm (6 g, 20))

Y T
—) [D‘lf o (um (s, o, 29))ds — (D7C + Dz,
0

+ Z ]i(ﬁ(T' }/)' ym(t' uOvZO)) (42)

o<t;<t

with
U, (t, ug, 29) = Ug, Zo(t, Ug, 2p) = 2o, m =0,1,2, ....

Theorem 4.1. If the system (1.1) with boundary conditions
(1.2) satisfy the conditions Hy, H,, H; and (4.10), then

sequences of functions (4.1) and (4.2), which are periodic in t
of period T, converges uniformly as m — oo on the domain:-

(t,ug,zo) €[0,T] X Dy X D, ..(4.3)
u(t, ug, ZO)) .
2(t g, 7o) defined on the domain (4.3)

which is periodic in t of period T and satisfies the following
integral equations:-

t
ET Py
+ F(a)of(t s)

to the limit functions (

u(t, uy, z9) = Ug
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a(s)
f(S, ﬁ(Tr a),u(s, uO'ZO)'J:) K(Sr f)(u(fv uO'ZO)
- Z(E' Up, ZO))d{T) ds

T
) [T
f(s,B(z, @), u(s, ug, o), J;a(S)K(s, E)(u(€, uo, 20)
—z(§, u()vzo))df) ds
B (%)u Zil L(B(r, @), ult,ug, o))
£\* T
" <T) [B_lj; by (2(s, 20, 20))ds — (B~ A + Do

+ Z L(B(t, @), u(t, ug, zo))

o<t;<t

. (44)

t
1
z(t, U, Zg) = Zg + Ty)f(t —s)rt
0

b(s)
g(S, ﬁ(T']/)vZ(S' uOvZO)vJ; R(Sr f)(u(fr uOvZO)
- Z(E' Uy, ZO))d{T) ds

T
1 t\Y )
_T}O(T) Of(T—S)V 1
b(s)
9(s,B(t,y),z(s, uo.zo).J; R(s, &) (u(&,ug, zp)
¥ S — 2(§, U, 29) ) d¢) ds
_<%) Ztﬂ]i(ﬁ(f'y)'Z(t'uo'ZO))

Y T
+ (%) I:D_lj; hZ(u(Sv uo,Zo))ds — (D_1C + I)ZO]

£ DB a0 2)) - (45)
0<ti<t
on the domain (4.3), provided that
I uCt, ug, zo) — U1 (L Up, Zo) ||) 1
<A"(E-A
<|| z(t, Ug, Z0) — Zms1 (L Ug, Zo) I/ ( )
Ta
2z (g 1 1) pet+ Ma

Y . (46)

< Mg, L+ M
21 1) et s

forallm = 0,uq € Dy,z, € D, and t € RY, where E is an
identity matrix.

Proof. Setting m = 0 in the sequence of functions
(4.1),(4.2) and by using Lemma 2.3 , we have

l[ug (t, g, 29) — Upll < w(t)
a(t)

Hf(t' ﬁ(f. a);uo;J; K(t' 5)(“0 - ZO)dS)

1) D @l

t a T
+ (T) B-1 f hy (z9)ds — (B~A + Dug
0

+ ) @)Wl

o<t;<t

Ta
< - 0
T 221 (a 4+ 1)
for all t € [0, T],uy € Dy we get uy(t, 1y, 2,) € Dy,
similarly

MM + M,

TY
l1z4 (t, X0, ¥0) — Zoll < mMﬁ,L + Mg

forall t € [0,T],z, € Dy we obtain that z, (t, ug, zy) € D,.

Thus by the mathematical induction, we find that

Ta
Il up, (t g, 29) —up Il < mMﬁaM +M,
. (4.7)
TY
Il zm (t, X0, ¥0) — Zo Il < mMﬂ},L + Ms

means that up, (t, 1y, Zzg) € Dy, 2y (L U, 2) € Dy, Uy €
Df,zg € Dy, forallte [0,T, m=0,1,2,...

Now, we claim that the sequences of functions (4.1) and (4.2)
are uniformly convergent on the domain (4.3).

llum+1 (6 o, o) — um (t, o, Zo) |
a(t)
f(t' B(T' a)' um(t' uOvZO)rf K(t: S)(um(sr uOJZO)
0
—Zm (S, U, Zo))ds) -

< w(t)

a(t)
f(t' B(T' (X), um—l(tr Uy, ZO)J f K(tr S)(um—l(s' Uy, ZO)
0

— Zm_4(5, u()vzo))ds)

+Zil||1i(ﬁ(‘r,a),um(t,uo,zo))

] (B D e 2030
+(%) BT [0y (2 (6, 0, 20) — Zm1 (£, 100 20))|
+ Z 15:(B (T, @), tm (t, 16, 20))

o<t<t
- Ii(ﬁ(r' C(), um—l(tr Uy, ZO)) ”

< (W(OMpa (Ky + KoK) + 2Mp,S1K3) X
llum (¢, w0, Zo) — Um—1 (8, ug, Zo) Il + W(E)Mpa K2 K X
llum (¢, wo, Z) — U1 (£, Uo, Zo) |
+ [IBTHIT pyllzm (¢, g, 20) — Zm—1(t, U, 20) I

Therefore, we get

lum+1 (6 %o, Zo) — um (8 g, Zo) | < (W(E)Mpa(Ky + K2K)
+2MﬁaS1K3)”um(t' U, Zp) — Um—1(t, %o, Zo)|
+(w()Mpo KoK + 1B Tp,)

12 (£, 1o, 20) = Zm-1(t, Ug, Zo) - (4.8)
In the same way, we obtain that

1Zm+1(t o, Z0) — Zm (& %o, Zo) |
< (¢(®©OMgyL,R; + D[ Tqy)
lum (t, 1o, Z0) — Um—1(t, Uo, 201l +
(@(©OMgy, (Ly + LyRy) + 2Mg,S,L3)
12 (£, o, Z0) — Zm—1(t, o, Zo)II .. (49)

We rewrite inequalities (4.8) and (4.9) in vector form to gain

(" U1 (& Uo, Zo) — Um (L, Up, Zo) ”)
Il Zm 41 (6 U0, Z0) — Zm (8, U, Zp) |l

(” U, (6 U, Zg) — Upm—1(t, g, Zo) |l
N zm (t U, Zp) — Zm—1 (8 Ug, Zo) I

) . (4.10)

By mathematical induction, we obtain that
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(" U1 (8 Uo, Zo) — Um (L, Ug, Zo) ||)
” Zm+1(t: uOl ZO) - Zm(t! uO: ZO) "
Il uy (8 10, 20) — U ||)

<l
Il 2, (t, w0, 20) — 7o |l

Now fromm = 1,2, ... and p = 1, we find that

t,Uo, Zg) — t, U,
Il W4 (8, U0, 20) — Um (E, U, Z0) |l < AM(E - A)
I Zm+p (t: Ug, Zo) - Zm(t; Uy, Zo) Il
Ta
Mg, + M.
22a-1[(q 4 1) Pe T Tt
v . (411)
Mg, + Ms

22r-1r(y + 1)
for all t € [0, T], uy € Dgand z, € Dy.

m, +/m3 + 4(m; — mj3)

Since < 1land lim A™ =0,

m-— oo

2
so that the right side of (4.11) tends to zero. Therefore the
Um (t, Uy, ZO)
Zm (t' Uy, ZO)

on the domain (4.3) to the limit function (

) is converges uniformly

u(t, ug, ZO))

z(t, ug, 2)

sequence of function (

which is defined on the same domain.
Let
. U (t, Uy, Zo)) _ (U(t, uo;Zo))
1}11120 (zm(t, Up, Zo))  \z(t, up, Z) - (412)
Since the sequence of functions (4.1) and (4.2) are periodic
u(t, uo,zo)) .
is
z(t, Ug, Zp)
also periodic in t of period T. Also by the Lemma 2.3 and
the inequality (4.11) the inequality (4.6)hold for all m > 0.

in t of period T, then the limiting function (

By using the relation (4.12) and proceeding in (4.1) and
(4.2) to limit, when m — oo, it is convincing that the

u(t, ug, z9)
z(t, ug, Z)
the integral equations (4.4) and (4.4).

limiting function ( ) is the periodic solution of

4.2
1.2)

Uniqueness of Periodic Solution of (1.1) and

Theorem 4.2 All assumptions of the Theorem 4.1 are

. u(t, ug, z9)
satisfy, then (Z (t 10, 7o)
system (1.1) with boundary conditions (1.2) .

) is a unique solution of the

at, ug, o)

2(t,ug, zg)
the system (1.1) with boundary conditions (1.2), means that
t

Proof. Assume that ( ) is another solution for

1
a(t, ug, z9) = ug + mf(t )
0

a(s)
f(S, B(Tr a)r ﬁ(s, U.O, ZO)f J:) K(S' E)(ﬁ(EJ uOl ZO)
— 2 (5 U9, 20))d8) ds

T
1 /t\% )
‘@(f) Of(T—ﬂ !
a(s)
f(s,B(z, @), a(s, uo,Zo)'J; K(s,&)((&,uo, 20)
& s —Z(§,u, Zo))df) ds
(B2 1.0 w0 0)

a T
" G) [B_lj; hy (2(s,u0, 20))ds — (B A + Dg

164

+ Z I;(B(, @), R(t, ug, 7)) . (413)

0<t;<t
and

¢
1
2(t,up, 2g) = 2o +—— | (t — )Y
( 0 0) 0 Iw(y)of( )

b(s)
g(S, B(T' ]/),2(5, uO'ZO)lJ; R(S, f)(ﬁ(f, uOrZO)
- ZA(E' Up, ZO))d{T) ds

T
) %y) G f (T =5y~
(s, B(T,¥),2(s,uo, 2o), J;b(s>R(s, (0 uo, )
—2(,uo, Zo))df) ds
_ (;)V Zj;]i (BT, ), 2(t u, 7))
" G) y [D_l J;Thz(ﬁ(s' U, Z9))ds — (D71C + 1)20]

+ Z ]i(ﬁ(‘f:)/):i(t,uo:zo))

o<t;<t

. (414)

Now, the difference between the toe solutions (

at, uy, z
nd(,\( 0+ Z0)

2(t, ug, z9)
have

1 Gt uo, Z0) — ult, ug, Zp) IS (wW(t) Mgy (K; + KK)
+2Mﬁa51K3) ”ﬁ(t, Uy, ZO) - u(t, Uy, ZO) ” +
(w(t)MﬁaKsz + ||B_1||TP1)||i(t, Ug, Zp)

—z(t, ug, Zo)|| ... (4.15)

and

12Ct, w0, 20) — Z(t, U, Zo)Il < (‘P(t)MﬁyLst + ||D_1||TQ1)
luCt, ug, z9) — ult, ug, 2) Il +
((p(t)Mﬁy( Ll + LZRS)
+2Mpy Sy L)I2(t, uo, 2o) — 2(t, g, Zo)| - (4.16)
We rewrite inequalities (4.15) and (4.16) in vector form to
gain

(II At ug, zo) — ult, ugy, zg) II)
”2(tr Uy, ZO) - Z(t, Uy, ZO) ”
< A(" 0(t, ug, z¢) — ult, ug, zy) II)

N ... (417
12t 20, 20) — 2t gy 20)| (4.17)

By mathematical induction, we obtain that
(II At ug, zo) — u(t, ug, z9) II)
”2(t' Uy, ZO) - Z(t, Uy, ZO) ”
Il Gt ug, z9) — ult, ug, z9) II)

N ...(4.10
12t 10, 20) — 2t s 20| (4.10)

<A™ (
From the condition (4.10), shows that the solution
(u(t, uo,zo)) _ (ﬁ(t, uo,zo)) thus (u(t, Ug, Zg)

z(tug, 20))  \2(t, ug, Zp) z(t, Uy, Zo)
periodic solution on the domain (4.3).

) is a unique

4.3 Existence of Periodic Solutions of (1.1) and (1.2)
The problem of the existence of the periodic solution for the
system (1.1) with boundary condition (1.2) is uniquely
connected with the existence of the zeros of the vector
functions:-

u(t, ug, z9)
z(t, ug, Z)

), for all t € [0, T] and uy € Dy, zy € Dg , we

)
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A1 (0,1, 20) = ——f(r—s)“ 1

a(s)
f(s, E(T, (Z)vu(sv U, ZO)'J:) K(S' f)(u(f' uo'ZO)
— 2(&,uy, 29) )d€) ds
r 1
% i ([?(T @), u(t . 2))

..(4.18)
and

2, (0, 10, 7) = ——f(T—s)V '

b(s)
g(s'ﬁ(r’]/)'z(s'“o'zo)'}; R(s,8)(u¢,uo, 20)
G+ —2(¢,u9, 29))dé) ds
'y + 1 S2
T L e w)
+w [D—lj; hy (u(s, u, 29))ds — (D71C +1)Zo]
.. (4.19)

Also, we define the sequences of vector functions
A (0,1, 29) and A, (0,1, zy) are approximately
determined by the following -

Aim(0,u9,2) = __f(T —s)*t

a(s)
f(s,B(T, @), um (s, uq, Zo)'J; K (s,6) (um €, w0, 20)
— Zm(f' uO,Zo))df) ds
I+ 1) 5
— %Zt=1 I; (ﬁ(T, @), U (8, o, ZO))

JfeatD [3—1 fThl(zm(s, U, Z9))ds — (BT A+ 1)“0]
T 0

..(4.20)
and

Aym(0,ug, 29) = __f(T )

b(s)
95, BT, Y), zm (s, uO,ZO),J; R(s, E)(um(f; Up, Zp)
— 2 (§, U0, 20) )d§) ds
Ty + 1) %

rly+1 T
+% [D—lf hz(um(s,uo,zo))ds_ (D~1C + Dz,
0

. (4.21)
Theorem 4.3. If the hypotheses and all the conditions of the
theorem 4.1 are given, the following inequalities are
satisfied:-

I A1(0,up,Zg) — Aim (0,19, Zp) |l

I A2(0, ug, 7p) — Az (0,ug, 7o) |l
() AmE - mn)

d, ..(4.22)
(&) am@-mn)
holds for all m = 0, where
(a+1)
d; = v )Mﬁa(Kl +K2K)++T7MMK351 )

1 I(a+1)

d, = (o )MﬁaKzK Ta IB=ITp, ,
i = F(l Mgy Loy + D iy,
4= o )Mﬁy(Ll +L,R 5)+#MML s,
and = WMM "
v May + Ms

Proof . From equations (4.18) to (4.21), we obtain that
I A1 (0,19, 20) — A1y (O, uo:Zo) <

[(a+1)
<I‘( )Mﬁa(Kl + KK + ——— Ta MﬁaK351> [luCt, uo, o)
— U (t, ug, Zo) |
1 F(a 1)
llz(t, uo.Zo)—Zm(t. uo,Zo)II .. (4.23)
and
I A2(0, ug, Zg) — Ay (0,ug, Zp) II <

1 r¢+n
<F()MBVL2R + 2D 071174, )t e, 20)

— un(t uoézo)” )
+1
<F( )Mﬁy(L1+L 2R) + Y

TiMﬁyL3SZ>
Iz (t, w0, 20) —Zm (t, o, Zo) I e (4:24)

Since ”u(tv Ugp, ZO) - um(t, uOrZO)” < Am(E - A)_l
T®
(22‘7“1F(a+1) Mpa + M4)’
and ”Z(tr Uy, ZO)_Zm(t' Uy, ZO)” < Am(E - A)_l
Y

(Gsrom Mo + Ms),

hence rewrite the equations (4.23) and (4.24) as a vector form.

The inequality (4.22) is hold for all m > 0.

Theorem 4.4. Let the vector functions f(t, 8(z, @), u,x) and g(t,

B(7,¥),2,y) be defined on the intervals [a;, b;] and [a,, b,]
R? and periodic in t of period T, suppose that for all m > 0,
then the sequences of the functions A, (0, uy, z,) and

on

Ay, (0,ug, Zo) which are defined in (4.20)and (4.21) satisfy the

inequalities:-
; dl m -1

min Ay (0,ug,2y) < — ,AM(E —A)1n)

Uo€ly,zo€l, d2
d, ..(4.25)
m _ -1

WA Dm0t ) = (1) AME = 1))

min_ Ao (O, 70) < = {(§2) A" E = 1))
ug€ly,zp€l, d4

d, ) ..(4.26)
meg _ AN—
X Am(0,ug,29) = <(d4) AM(E-MN""n)
L . u(t, ug, zo)
Then (1.1) and (1.2) has a periodic solution ( ) such
(t uOvZO)
T
that Ug € 11 = [a-f‘mMﬁa +M4,b -
T TV
Feir@eD Mg, + M4] and z, €1, = [c + oD Mg, +
TY

Ms,d — i Mgy + M ]

Proof . Let u,,u, and z,, z, be any points belonging to the
intervals I; and [, respectively, such that
Aym(0,uy,z1) = min_ Ay (0, ug, 2)

0€l1,Z(€l,
Am(0,up,7,) = max Ay, (0,ug, 2)
0€l1,24€l,

. (4.27)
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Aym(0,uy,21) = u Emiznel Ay (0,19, 29)

0 Il' 012
...(4.28
Ay (0,up,7,) = uoerlni):elz Azm (0,19, o) ( )

By using inequalities (4.23) to (4.24)., the following are
obtained
A1(0,uq,21) = A (0, g, 24) +
(4100, uy,2) — A1y (0,44, 24)) <O

.. (4.29
A1(0,uz,2;) = Ay (0,up,25) + ( )
(A1(0,u3,25) — A1 (0,up,2,)) > 0
A7(0,uq,21) = Ay (0,4, 21) +
(82(0,u4,21) — A3, (0,uy,2,)) <O
.. (4.30)

A;(0,uz,75) = Ay (0,uy,7,) +
(82(0,u,25) — Ay, (0,u3,23)) > 0

and from the continuity of the functions A, (0, uy, zy),
A, (0, ug, zo) and the inequalities (4.29) and (4.30), then
the isolated singular points u® € [uy, u,] and z° € [z;, z,]
exist such that A, (0, X, ¥o) =0 and A, (0, ugy, zy) = 0. This
L . (u(t, uo,zo))
means that (1.1) has a periodic solution (Z (t o 20))"
Remark 4.5. Theorem 4.3 is provided when R® = R!, i.e.
uy and z, are scalar singular points and should be isolated.
For more details, see (Samoilenko and Ronto, 1976).

4.4 Stability of Periodic Solution of (1.1) and (1.2)

Theorem 4.6. Let the vector functions A;(0,ug,z,) and
A, (0, uy, zo) be defined by the equations (4.18) and (4.19)
where u(t, ug, zo) is a limit of the sequence of the function
(4.1), the function z(t, ug, z,) is the limit of the sequence of
the function (4.2), then the following inequalities yield:-

(” A;(0,uy, 2) ") <

I Az(o Uy, Zo) |l
1"(0(+1)

o )MﬁaM + MgoMyS; +
KD (M, — o)
..(431)
l"(y+1)
o )MﬁyL + Mg, LS, +
r'(y+1
- ’(M3 — llzolD)
and
<n A1(0,u5,75) = 81 (0, uf, z§) ||> <
" Az(O, u(1)r Z(1)) - AZ(OI u(z)'zg) " N
((E1 + E,FsFg)Es (E1F3F, + Ez)Es)
(E3 + E4FsFg)Es (E3F5F, + E4)Eg
Ihug —ud |l
o .. (4.32)
Il Zy — Zg Il
where
E =r @ )Mﬁa(Kl + KoK, + 2Mp, S K,
1 I‘(a +1)

r( +1)
Es = (F( Mgy LoR + 52 D7 Tg, )

1
E, = T )Mﬁy(Ll +L, 5) + 2M3y52L3 )
Es = F1F3F7,E6=F2F5F7:F1=1+”B 1A+E”;
F,=1+ ||D‘1C +E||

Fo=(1-sm— s Moa (Ko + Ko) + 2MpgSiKs )
T® -
F4- = 22a-11(g+1) M[j’aKZKs + ”B 1||TP1 s
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TY
F5 = (1 - m Mﬁy(Ll + LZRS) + ZMﬁ-ySZLS) 5
TV -
F6 = 22V-1r(y+1) MﬁyLZRS + ”D llqul y

F,=(01- F3F4F5F6)_1

Proof . From the properties of the functions u(t, uy, z,) and
z(t, ugy, zo) as in the Theorem 4.1, the functions 4, =
A:(0,uy,25) and 4, = 4,(0,uy, 2o), Uy € Dy,2y € D, are
continuous and bounded by M, M, N, N in the domain (4.3).
From (4.18) and (4.19) , We obtained that

M(a+1)
II AI(O,U—O; ZO) II< F( )MBO‘M TMﬁaMlsl
F(a+1)
+——— M — %01 .. (4.33)
T
and
1 I'y+1)
II AZ(O UO;ZO) < F( )MﬁyL + TiMﬁyLl‘SZ
r'y+1
7 Mz = lizlD . (4.34)

by rewriting (4.33) and (4.34) by vector form, we obtain
(4.31).

From inequality (4.18), we get

Il Ay (O, ud,z3) — A, (0,u3,z2) I <

F(a+1)
<F( )Mﬁa(Kl + K;K,) +T7
)_Z(t' uo,Zo)”
Ia+1)
Mo KoKy +—o—
—z(tud z3) |

MﬁaK351>
llut, ug, z
IB~*ITp,
...(4.35)

<F( )
llz(t, ug, z5)
Il Ay(0,u, z3) — A, (0,u3,z2) | <

1 M +1)
<F()MBVL2R + =L =D T >

llu(t, ug, z5)—u(t, ug, zH)|l
<r( Mgy (Ly + 2R + (yT+ )MﬁyL3SZ>
lz(tud, zd) —z(tud, zH 11 ..(4.36)

where the functions u(t, ud, z3), (t, ud, z3), u(t, uZ, z2) and

z(t, u, z2%) are solutions of the equation:-

f (t - ) (s, B(z, ),

u(t,uf, z§) =

F( )
u((s, uf, zf), f K(s,&) (u({ uk, z )—z({,ulg,z(])‘)) d&)ds

r(a) f =9

s ), [ KGO (u(s s )

— 2(§,uls 28)) d6) ds

(B @ u(s < )

[ f hy (2(s, ulf, 2E)) ds — (B~ 1A+E)uo]

ﬁ(‘r a),u(s, u, z )) . (4.37)

+ Z
0<t;<t
and

t
1
2(eub,28) = o + s [ =97
0
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b(s)
0GB ) 2ot ), [ RGs©) (u(E, b 2)
—z(f u‘g, z)) d) ds

_ 1
r(y) f =y~

o8 (s ). | " o ule )
— z(&,ul z)) d€) ds
- (E)YZ Je (B2 (5,0, 2))
[ f h, u(s uk, z )) ds—(D7'C + E)z(])‘]
Z Ji (ﬁ(r,y),z(s,uo, 0))

o<t;<t

where k = 1,2, From (4.37) and (4.38), we get

. (4.38)

Il u(t ug, z5) —ut ug, z5) || < Fyllug — ugll +
TIZ
Smimry Mpa (Ko + oK) + 2MpaSiK;) |
u(t,ud, z3d) —ut,ud, z2) |l

T -
+ (22“‘1F(a+1) MﬁaMﬁaKZKs + ”B 1||TP1)

Il z(t, ug, 2) — z(t, ug, 25) |l . (439)
and
Il z(t, Uolzo) z(t, uo‘ ) I < F2||Zo - Zo” +

T
(5res MayLaRs + ID7MITqy ) I u(t, ub, 28) —
u(t,uz, z2) |l
TY
+ (srmmss Mgy (Ly + LoRs) + 2Mg, S;1Ls )

22Y-1r(y+1)
Il z(t, ug, z5) — z(t, ug, z5) . (4.40)

From equations (4.39) and (4.40)

Ihu(t ug, 25) — ult ug, z3) 1< FiFsllug — ugll + F3Fy |l
z(t,ud, z8) —z(t, ud, z2) |l .. (4.41)

and

I Z(t' u%,z& - Z(tv U.(Z),Zg) I < F2F5||Z(1) - Z(%” + F5Fg |l

u(t,ug, z5) — ut,ug, z4) I . (4.42)
Substitutes (4.41) in (4.42) and (4.42) in (4.41), we obtained

that

Il ut, up, z5) —ut ug, z3) Il < FiF3Fllug — udll +
FyF3FyFsFllzg — 75 | . (4.43)

and

Il z(t ud, z§) — z(t ud, z3) | < FyFsFsFFy|luf —udll +

FyFsFllzg — z3| . (4.44)
Also, Substitutes (4.43) and (4.44) in (4.35) and (4.36), we
get (4.32).

Remark 4.7. (Mitropolsky and Martynyuk, 1979). Theorem

4.6 confirms the stability of the solution of (1.1) and (1.2),

that is when a few change happens in the points u,, z, then

a few change will happen in the functions 4, (0, u, z,) and
45(0,ug, zp).

5. EXAMPLE

Consider the following system of fractional intrgro-
differential equation.

1
DgPu(t) = 1008(z, @)
(e’ + sin(u(t)) + f (t+ s)%(u(s) — z(s))ds)
0
tel02],t#1
cn0.6 — 1
Dot ® =55t o
2 [z(®)] 1 ¢ 1 A
(E Set L+ 200D + %fo (t+ s)3(u(s) - z(s))ds)
tef02],t#1
pyy, = — MO
ST B a) (4 +u)
Az = z(t)
A= B+ 20)

with non-separated integral coupled boundary condition

20u(0) + u(2) = fo le(smds

-(52)
302(0) +2(2) = J m

where
w Tl
ﬂ(Tr a) = fo (1+5)7+0:3 ds

1
means that Mg, = Trer%g’)z(] o)

w gt
’ ﬁ(f. V) - fo (1+s)T+06 ds
=039, Mg, =

1
X S 090
Here T=2,a=03,y=06, A=20,B=1,C=230,

D=1,a()=t, b(t) =t?,

K(t,s) = (t+s)%, R(t,s) = (t +s)%,

1
hi(z(t)) =—— ,h,(u(t)) =————
1(O) =535z 2O = Gor e
we obtain that
K, =53333, R, = 12, K, = K, = 0.01,

K; = 0.0625 L, = 0.0556,L, = 0.01, L; = 0.04, p, =

P1 =0.2, qo =0.1, q1 :0_01,51 =52 =1
Therefore

_0.0935 0.4376 _
A= (0.3701 ()3257) , hence Ao (A) = 0.6284 < 1

Therefore, by Theorem 4.1 and Theorem 4.2, the coupled
boundary value problem (5.1) and (5.2) has exactly one periodic
solution.

6. CONCLUSION

In this article, we studied the existence, uniqueness and
approximated of periodic solutions of nonlinear impulsive
fractional integro-differential system (1.1) with non-separated
integral coupled boundary conditions (1.2). Also, we create a
sequence of functions that it proved to be uniformly convergent
and satisfied the fractional integro-differential equations and
periodic conditions that is the main idea of the Numerical-
analytic technique. Finally, an example of fractional system is
stated.
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