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ABSTRACT:

In this paper, the notions of cubic fuzzy groups and cubic fuzzy normal subgroups are introduced, and some related properties are
investigated. Some relations between internal and external cubic sets with cubic fuzzy groups and cubic fuzzy normal subgroups
are investigated. It is proved that the (P-, R-) intersection and (P-, R-) union of cubic fuzzy groups are also cubic fuzzy group.
Moreover, the (P-, R-) intersection and (P-, R-) union of cubic fuzzy normal subgroups are proved to be cubic fuzzy normal

subgroups.

KEYWORDS: Fuzzy set, interval-valued fuzzy set, internal and external cubic set, cubic fuzzy group, cubic fuzzy normal
subgroup (P-,R-) intersection and (P-,R-) union.

1. INTRODUCTION

In (1965) fuzzy sets [18] are initiated by L. A. Zadeh, after
he introduced the fuzzy sets, many researches were
conducted on generalizations of the notion of fuzzy set. In
fuzzy set theory, the membership of an element to a fuzzy set
is a single value between zero and one. There are many
authors who have conducted their research in various fields
for the fuzzy set. For instance, Molodtsov [5] in soft set,
Atanassov [1] in Intuitionistic fuzzy sets, Zhang [20] in
Bipolar valued fuzzy sets, and Mahmood [16] in Bipolar soft
sets. In [19] Zadeh (1975) developed the concept of interval-
valued fuzzy set as a generalization of fuzzy set. After that,
many authors investigated the similar topic and gotten some
meaningful conclusions. In [3] Gorzalczany (1987) proposed
and described an approximation inference approach based on
the concept of an interval-valued fuzzy set, which is an
extension of the concept of a fuzzy set. This method enables
the creation of a formal fuzzy representation for speech
decision algorithms. After that, many authors conducted their
research on a fuzzy set and interval-valued fuzzy set together,
and this case is called a cubic set. Furthermore, in [17] cubic
sets are initiated by Young B. j., Chang S. K., and K. O. Yang
in (2012), by using a fuzzy set and an interval-valued fuzzy
set they introduced a new notion which is called (Internal,
External) cubic set, and several related properties are
investigated. There are many authors who have conducted
their research in different aspects of the cubic set. [4] Ahmad
B. Kh., Muhammad Q., Saleem A., Muhammad N. and
Muneeza in (2021) an application of picture cubic fuzzy
(PCF) aggregation operators with the picture cubic fuzzy
information are used to solve problem of suppler selection
with contradictory and insufficient attributes, such that
compromise is appropriate for conflict resolve. Also they
review some basic concepts of picture fuzzy set, and picture
fuzzy aggregation operators. Moreover, they defined the idea
of picture cubic fuzzy set, and their operational laws are
discoursed. Further, they are proposed a series of PCF
aggregation operators, like as PCF weighted average, PCF
order weighted average, PCF weighted geometric and PCF
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order weighted geometric operator and discoursed their scarce
properties. An approach are given to solve a decision-making
problem with the PCF information, and in [13] they maked offers
of some basic concepts of fuzzy set, intuitionistic fuzzy set,
Pythagorean fuzzy set and operational laws of Pythagorean fuzzy
sets. Also they defined the concept of Pythagorean cubic fuzzy
Hamacher averaging aggregation operators and Pythagorean
cubic fuzzy Hamacher geometric aggregation operators. [14]
Sanum A. and Saleem A. (2021) they used Dombi operational
laws and Heronian mean operators, to develop a new concept of
cubic fuzzy Heronian mean Dombi aggregation operators, they
presented new rules for the cubic fuzzy numbers (CFNs) based
on Dombi t-norm and t-conorm (DTT), to present a new cubic
fuzzy Dombi Heronian mean operators for the aggregation of
CFNs and introduced an innovative style to decision making. [7]
M. Qiyas, S. Abdullah and Muneeza (2020) they discussed the
basic knowledge about the fuzzy set, intuitionistic fuzzy set and
linguistic cubic variables. Also they presented some operational
laws for linguistic intuitionistic cubic hesitant variables and their
score function. Further, they presented average and geometric
aggregation operators of linguistic intuitionistic cubic hesitant
variables, and after that in [6] they gave theoretical information
of linguistic intuitionistic cubic fuzzy variables (LICFVs), and
initiate several fundamental laws of LICFVs, on the beginning of
these functions a simple technique for classification of LICFVs
presented. Since in decision making problems an aggregation
operator is an important mathematical tool, they introduced the
aggregation ability for linguistic intuitionistic cubic fuzzy
information and establish numerous aggregation operators.

The concept of fuzzy sets in Algebraic structures was first
introduced by Rosenfeld [11] in (1971) and he defined the notion
of fuzzy subgroups. The terms ’fuzzy normal subgroup’ and
“fuzzy coset’ introduced by Mukherjee and Prabir [10] in (1984).
They also demonstrated that a fuzzy normal subgroup is an
analog of the concept of a normal subgroup of a group. They
demonstrated that each member of a family of level subgroups of
a fuzzy normal subgroup of a group G is a normal subgroup of G
in the conventional sense. There are other researches also added
their contribution to the study in this field on different branches
of algebra in different aspects. For instance, Das [2] in fuzzy

This is an open access under a CC BY-NC-SA 4.0 license (https://creativecommons.org/licenses/by-nc-sa/4.0/)

105


http://journals.uoz.edu.krd/
http://sjuoz.uoz.edu.krd/
mailto:kardo.haso@uod.ac
mailto:aliasbkhalaf@uod.ac
https://doi.org/10.25271/sjuoz.2022.10.3.907
https://creativecommons.org/licenses/by-nc-sa/4.0/

K.S. Haso and A.B. Khalaf \ Science Journal of University of Zakho 10(3), 105-111, July-September 2022

groups and level subgroups, Mukesh [9] in fuzzy group and
their types, and Saleem A. [12] in a new type of fuzzy normal
subgroups and fuzzy cosets. Also, some more general
concepts on bipolar fuzzy algebra have been studied. Such
as, Tahir M. and Muhammad M. [15] on bipolar fuzzy
subgroups, and Muhiuddin G. [8] in bipolar fuzzy implicative
ideals of BCK-algebras. The objective of this paper is to
introduce the notion called ‘cubic fuzzy group’ and ‘cubic
fuzzy normal subgroup’ on the general cubic set, and study
(P-,R-) intersection and (P-,R-) union of cubic fuzzy group
and cubic fuzzy normal subgroup and several related
properties.

2. PRELEMINARIES

In this section, we will state certain useful definitions,
properties and some existing results for cubic sets that will be
useful for our discussion in the next sections.

Definition 2.1: suppose X be a universal set. A cubic set [17]
A defined over the universal set X is an ordered pair which
is defined as follows:

A = {{x, u(x), A(x)): x € X}
Where u is a function such that u: X — [I], where I = [0,1]
which is called an interval-valued fuzzy set (IVFS) [19] in
X. Denote [I]*the set of all IVFSs in X. Also a function
A:X — 1, is called a fuzzy set [18] in a set X, denote I¥ the
collection of all fuzzy sets in a set X. Clarity, we denote the
component of cubic set A = (u, 1), and for any u € [I]¥ and
x € X, where u(x) = [~ (x), u* (x)] which is called the
grade of membership of an element x to u, where u=: X - I
and u*: X — I are fuzzy sets in X which are called a lower
fuzzy set and an upper fuzzy set in X, respectively. C¥
denotes the set of all cubic sets in X.
A cubic set A = (u,A) in which u(x) =0 and A(x) =1
(resp. u(x) = 1 and A(x) = 0) for all x € X is denoted by 0
(resp. 1).
Also if u(x) = 0 and A(x) = 0 (then a cubic set A = (u,A)
is called a zero cubic set) (resp. u(x) =1 and A(x) = 1)
(then a cubic set A = (u,A) is called a unit cubic set) for all
x € X is denoted by 0 (resp. 1). And in general if u(x) = a
and A(x) = a (then a cubic set A = (u, A) is called a-cubic
set).
Definition 2.2: [19] For any two IVFSs y, v in [I]X. We say
that u < v iff u=(x) < v~ (%), and ut(x) < vt (x) for all
x € X.
Also we say that p = v iff u=(x) = v~ (x), and pu*(x) =
vt(x) forall x € X.
Definition 2.3: The complement of A = {(x, u(x),A(x)):x €
X} also is defined to be the cubic set A€ =
{(x, 1 x),A°(x)):x € X}, where u¢(x) =[1—-put(x),1-
u-(x)]and A°(x) = {1 —A(x)} forall x € X.
Obviously,(AS)¢ = A, 0 =1, =0,0= 1 and 1¢=
0.
Definition 2.4: Let A, « € I*, we define the following on
fuzzy sets

(i) A< abyA(x) < a(x) forevery x € X.

(i) ANa € IX by ArNa)(x) =
min {A(x), a(x)} for each x € X.

(iii) AvacelX by Ava)(x) =

max {A(x), a(x)} for each x € X.

The union and intersection of the family (4;:i € A) where A
is the indexing set of fuzzy sets in X are defined as follows:
(VA)(x) = sup {A;(x):i € A}

(AA)(x) = inf{A;(x):i € A}

For a family of interval-valued fuzzy sets (IVFSs) {u;:i €
A}, then their union u =U p;y and intersection § = ;)

are defined by

p=(x) = max[u;~ (x)],

p(x) = max[u* ()], vx e X
B=U i) = sup (M) i € 4) and
B~(x) = min[w;~ ()], BT (x) = min[p;* ()], Vx € X

B = picy) = inf (Ui(x): i € A) respectively.
Definition 2.5: [18], (Zadeh, 1965), a fuzzy point x,, where a €
(0,1] is a fuzzy set in X defined by x,(x) = a and x,(y) = 0 if
x # y, x is called the support of x, and a it’s value.
Definition 2.6: [18], (Zadeh, 1965), a fuzzy point x,, is said to be
contained in a fuzzy set, or belong to A and denoted by x, € 4, if
and only if A(x) = a.
Definition 2.7: [3], (Gorzalczany,1987) for u € [I]%, the set
{x € X;u*(x) > 0} is called the support of u and is denoted by
Uy. An interval-valued fuzzy point M, is said to belong to an
interval-valued fuzzy set u if M~ < u~(x) and Mt < ut(x).

3. ONCUBIC FUZZY GROUPS AND THEIR
PROPERTIES

In this section, we will define the notion and concepts of cubic
fuzzy groups and discuss some of its properties by depending on
the fuzzy groups [11]. First we recall the definition of cubic fuzzy
point.
Definition 3.1: Let G be a group on the non-empty universal
set X, a cubic fuzzy point is defined by {(q, u(q),A(q)): q € G}
of the cubic set A and is denoted by Cj,.
Definition 3.2: suppose (G,*) be a group. A cubic set A = (i, )
is called a cubic fuzzy group C(G) which is generated by G under
+ , if the following conditions are true:

L u(x=y) = min{u(x), u(y)}

Alx * y) = min{A(x),A(»)},V x,y € G, and
2. pGh) = p00), A=Y = A).

We denote the set of cubic fuzzy groups by C(G).
Example 3.1: suppose (G,*) be a group where G = {1, w, w?}
and w is the cubic root of unity with the binary operation defined
as below:

Table 1: composition table of cube roots of unity

* 1 w w?
1 1 ) w?
) 3) w? 1
w? w? 1 w

Let A = (u, ) be a cubic set in G defined as below:

Table 2: cubic set A = (1, A)
X u A

1 | (0.3,09] | (0.6)
w | ([0.3,0.6]) | (0.4)
w? | ([0.3,0.6]) | (0.4)

From Table 1 and Table 2, we get that A is a cubic fuzzy group.
Example 3.2: Suppose G be the set of all non-zero real numbers,
where the binary operation = is defined as:

axb=ab foralla,b € G =R —{0} beagroup.

[|x|,|xﬁ] x| < 0.62

1(x) = [lxﬁ,pq] 062<|x/<1  and

1 1
U [l M>1

[x] x| <1
}\(x) = {L |X| -1
x2+2

Then the set A = (u,A) is not a cubic fuzzy group because if we
take x = 0.1,

p((0.071) = p(10) = [%1—11] # 1(0.1) = [0.1,0.02].
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Proposition 3.1: Zero cubic set, unit cubic set and all a-cubic

sets of a group G are trivial C(G)s of C(G).

Definition 3.3: [17] Let X be non-empty set. A cubic set A =

(u,A) in X is said to be an internal cubic set (ICS) if 1= (x) <

A(x) S ut(x) forall x € X.

Definition 3.4: [17] Let X be non-empty set. A cubic set A =

{u,A) in X is said to be an external cubic set (ECS) if A(x) ¢

(W (o), ut(x)) forall x € X.

Remark 3.1: Let X be non-empty set. A cubic fuzzy group

A = (u,A) of C(G) is said to be both (ICS) and (ECS) if

U (x) SA(x) < pt(x) and A(x) € (u™(x),ut (x)) for all

x € X.

Example 3.3: Let (G,*) be agroup where G = {1, w, w?} and

* is the usual multiplication, then the cubic set A = (i, A) is

a cubic fuzzy group.

Table 3: cubic set A = (i, A)
G u A

1 [ (0.3,0.9)) (0.9)

w | ([0.3,0.6]) (0.6)

w? | ([0.3,0.6]) {0.6)

Then from the table and by the definition we get that A which
is both (ICS) and (ECS).
Theorem 3.1: If A = {{(x,u(x),A(x)):x € X} in a non-
empty set X is an internal cubic set (ICS), then A(x) =
min{u~(x), u*(x)} forall x € X.
Proof: Suppose that A is an ICS. Then by Definition 3.3, we
get
U (x) SAx) <pt(x) YxeX. Thus, it is clear that,
A(x) = min{u~(x),ut(x)} vV x € X.
Theorem 3.2: Let A = (u,A) be a cubic fuzzy group in
C(G).If A isan (ICS) and (ECS), then
(Vx eX)A() <UW) + L(w)
Where L(u) = {u~(x):x € X}and U(u) = {u*(x):x € X3.
Proof: Suppose that A is an (ICS) and (ECS). By Definition
3.3 and Definition 3.4, we get u~(x) < A(x) < p*(x) and
A(x) & (u (%), ut(x)) Vxe€X. Thus, A(x) =u (x) or
A(x) = ut(x),and so A(x) < U(u) + L(w).
Theorem 3.3: Let A = (u,A) be a cubic setin X. If A is an
ICS (resp. ECS), then A€ is an ICS (resp. ECS). See [17].
Theorem 3.4: Let A = (u,A) be a cubic setin X. If A isa
cubic fuzzy group, then A€ is also a cubic fuzzy group.
Proof: Since A = (u, ) is a cubic fuzzy group in C(G), then
we have:
p(x *y) = min{u(x), u(y)}, A(x * ¥) = min{A(x), A(¥)},
Vx,y€EG
And pu(x™) = p(x), A(x ™) = Ax).
This implies that
[1—p*Ce*y),1—p (x*y)] < max{u(x),u(»)} (1-
Alx *y)) < max {A(x),A(y)}
And pf(x™t) = [1—p*(x™1), 1= p~(x™ 1],
u(x) =[1—pu*(x), 1 —u " (x)] implies that u¢(x~1) =
HE(x)
Also
XEH)=(1-20), () =(1-2Ak), implies
A(x~1) = A°(x), hence A° = {{x,u°(x), 1 — A(x)):x € G}
is a cubic fuzzy group in C(G).
Definition 3.5: Let A; = {{(x, 11 (X),\1(x)):x € G} and
Ay = {(% 12(x),12(x)): x € G} be two cubic fuzzy groups.
Then we have
1- Ay=A; © px) =pw,Eand 1, (x) =
A,(x) (Equality).
2- A By Ay o (0 Epp(x)and (%) <
A,(x) (p-order).
3- AL Ep Ay © (%) E pp(x) and 44 (x) =
A, (x) (R-order).
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Proposition 3.2: [17] For any A; = {{x, 1;(x),2;(x)):x € G}
where i € A, then
1- Up A; = {(xsup (u;(x),sup(X;(x))):x € G,i € A}
(P-union)
2- NpA; = {{xinf (1;(x)),inf(A;(x))) :x € G,i € A}
(P-intersection)
3- UgA; = {{x sup (u:(x)),inf(3;(x))):x € G,i € A}
(R-union)
4- Nz A; = {(xinf (1;(x), sup(li(x))) :XEG,i €A}
(R-intersection).

In [17], they have proved that (P-union, P-intersection) of
internal cubic sets are also internal cubic sets and showed by
examples (P-union, P-intersection) of external cubic sets need not
be external cubic sets, and the (R-union, R-intersection) of
internal (resp. external) cubic sets need not be an internal (resp.
external) cubic set. Also they have showed that the conditions of
two external cubic sets for the (P-union) (resp. P-intersection) to
be an internal cubic set, and gave conditions of two external cubic
sets for the (P-union) (resp. R-union, R-intersection) to be an
external cubic set.

Definition 3.6: Let C(G) be a cubic fuzzy group generated by G.
A proper subset p(G) is called a cubic fuzzy subgroup if p(G) is
a cubic fuzzy group.

Example 3.4: Let C(G) be a cubic fuzzy group, where G = Z, =
{0,1,2,3} and the membership functions p and A are given in the
below table,

Table 4: cubic set A = (u, A)
Z, u A

0 [0.2,05] | (0.6)

1 [0.2,03] [ (0.4)
2 [0.2,0.3] [ (0.4)
3 [0.2,03] [ (0.4)

We see that H = {0,2} is a proper subset of Z, which is a group
under addition in fact it is a cubic fuzzy group so the membership
function Ay = {(x, u(x),A(x)): x € H} which is a cubic fuzzy
group (subgroup).

Definition 3.7: A cubic fuzzy set A = (u,A) of C(G) is called a
cubic fuzzy subgroup if u(x™1) = u(x),A(x~1) = A(x) for all
X € G, where x is not an identity element in G.

In Example 3.4 we notice that if x # e, then

uxe™) = u(x),A(x™1) = A(x) forall x € G.

Theorem 3.5: Let A = (u, A) be a cubic fuzzy subgroup of C(G),
then u(e) = u(x),A(e) = A(x) for all x € G, where e is the
identity element of G.

Proof: p(e) = p(xxx) = min{u(x), u(x 1)} = p(x)
implies that u(e) > u(x)

Also A(e) = A(x * x™1) = min{A(x), A(x~1)} = 2(x) implies
that A(e) = A(x) V x € G.

Theorem 3.6: In a cubic fuzzy subgroup A = {u,A) of C(G). If
plx=y™) =p(e) and ACxxy™") = A(e), then,  p(x) =
p(y) and A(x) = A(y).

Proof: u(x) = u((x *y~1) * y) = min{u(e), u(y)} = u(y)
1) = p((y *x7) * x) = minfu(e), u(x)} = u(x)  implies
that u(x) = u(y)

A(x) = A((x *y™1) * y) = min{A(e), A(¥)} = A(y),

A() = Ay *x™) *x) = min{A(e), A(x)} = 1(x)

This implies that A(x) = A(y) and hence proved.

Theorem 3.7: A cubic set A = (u,A) is a cubic fuzzy subgroup
of ¢(G) if and only if u(x*y~1) = min{u(x), u(y)} and
Alx xy™1) = min{A(x), A(y)}, V x,y €G.

Proof: Suppose that A is a cubic fuzzy subgroup then by the
condition, u(y™) = u(y),A(y~1) = A(y) and for all x,y € G,
we have;

pCx+y™1) 2 min{u(x), u(y~H} = minfu(x), u(»)}
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This implies that u(x * y~1) = min{u(x), u(v)}.
Also A(x * y™1) = min{A(x), A(y~1)} = min {1(x), A(y)}
And this implies that A(x * y~1) = min{A(x), 2(y)}.
Conversely: Let wu(x*y™1) > min{u(x), u(v)}, A(x=*
y~H = min{A(x), A}V x,y €G,
we have to show that A is a cubic fuzzy subgroup of C(G);
Let y = x then we get,
u(e) = u(x), A(e) = A(x) ... (»x) forall x € G; hence
u(y™h) = e+ y™") = minfu(e), u(y)} = u),
A7) = A(e *y™H) = min{A(e), A(¥)} = A(»)
Now let x and y be any two elements of G, then
plxxy) = pCex (y™H™) = minfu(x), u(y =1} =
min{u(x), u(y)}
1(x *y) = min{u(x), u(y)} @
Axxy) =20 * (y™1)™1) 2 min{A(x), A(y"1)} =
min {A(x), A(y)}
A(x * y) = min {A(x), A(y)} )
Now to prove u(x™1) = u(x),A(x~1) = A(x), since we have
u(x™) = u(x),A(x~1) = A(x), then we shall show that
u(x™) < ux), 2(x™Y) < A(x), let x be any member of G
and e be the identity element of G, then
p(x) = ple = (x™1)™") = minfu(e), p(x™H} = u(x™1)
Implies p(x) = u(x~1), and we get that;
px ) =p. G
Also, Ax) = Ale* (x™H™) = min{A(e), A(x" 1)} =
A(x™H
Implies A(x) = A(x~1), and we get that;
A =ax) (4
Now from 1,2,3 and 4, and for all x,y € G, we get A is a
cubic fuzzy subgroup of C(G).
Theorem 3.8: Let G be a group in the universal set X, A be
a cubic fuzzy subgroup of ¢(G) and y € G. then
ulx*y) =pulx), A(x+y)=A(x) VxeGif and only if
r() = p(e), Ay) = Ae).
Proof: Suppose that u(x *y) = u(x), A(x *xy) = A(x)
VvV x € G. Now by choosing x = e, then we obtain that
1) = ule), Ay) = Ae).
Conversely: Suppose that u(y) = u, A(y) = A(e). Then by
Theorem 3.5, we have u(y) = u(x) Vx €G.
Now, u(x *y) = min{u(x), u(y)}. Therefore, we have
plx*y) =px) VX€G
But
p(x) = plx +y *y=1) = min{ux * y),u(y =1}
= min{u(x * y), u(y)}
But u(y) = u(x) vV x € G. So min{u(x * y),u(y)} = u(x =
y). Therefore, we have
px) = p(x*y) Vx€EG
Hence,
plx *y) = p(x) VxEG.
By the same way, we get A(x *y) = A(x) VxE€ G.
Proposition 3.3: Let G be a group on the non-empty
universal set X, if A; = {{x, 11 (X)), (X)):x € G} and A, =
{{x, u2(x), A,(x)):x € G} are two cubic fuzzy groups of
C(G), then A4 Np A, is also a cubic fuzzy group of C(G).
Proof: Since A, and A, are cubic fuzzy groups of C(G), we
have
(A1 Np A)(x*y) = {X * y, inf(py (X * y), pa (x *
), inf(A (x * ), A2 (x * ¥)) : x,y € G}
= {x =y, inflp;(x x y)], inf[A;(x * y)] :x,y € G}
> {x *y, inflmin{u; (x), w;(y)}1,
inflmin{}; (%), A;(y)}] :x,y € G}
= {x* y, minfinf(p;(x)) , inf(s; (1))},
min{inf(2;(x)),inf (A;(y))}: x,y € G}
= {x*y,min{(N ;) (x), (N u) M)},
min{(A ;) (x), (AA) (M} :xy € G}
This implies that;
influ;(x * )] = (N pix xy)) =

min{(1 u;) (), (M p) ()}
infA;(x * )] = (AN(xxy)) =
min{(A ;) (x), (A1) ()}
Now

(A1 NMp A)(x™H) = x7 inf[y; D], inf[A;x ] :x" €
G}
={exx"Linfly;(e xx~1)],inf[A;(e xx )] :e,x"! € G}
> {e* x~ 1, infminf{y; (e), 1; )31,
inflmin{}A;(e),\; ®)}]:e,x"1 € G}
= {e * x~, min{inf(p;(e)), inf(u; (%))},
min{inf(2;(e)), inf(A;(x))}:e,x™! € G}
= {e+x~L, min{(N uy)(e), (N u) ()},
min{(AX;)(e), AN)(x)}:e,x"1 € G}
Since y;(e) = u;(x),A(e) =2 (x) VX EG
={exx71, (Nuw)(x), AA)(x):e,x! € G}
Implies that;
inf[y; x™D] = (M )™ = (N p) (), inf[A;(x™H] = (A
AWMDETH=AADE) )]
And
(Aq Np Ay (x) = {x, inf[y; ®)], inf[A;(x)] : x € G}, since x =
(x~1) =1 then we can write it as follows
= {ex (x™1) "L inflp(e * (x71) "D,
inf[A;(e * (x™1) D] :e,x € G}
> {e* (x~1) 7% inflmin{u;(e), u(x" 131,
infilmin{(A;)(e), X)) x"1}]:e,x € G}
= {e* (x™1) 71, min {inf(;(e), inf(p; x™1))},
min{inf((A;)(e)),inf (A)(x™1)):e,x € G}
= {e* (x71) 7L min{(N p)(e), (N ) (x™ 1)},
min{(AX;)(e), A L) (x" D} e,x € G}
Since y;(e) = pi(x),A(e) 2 A(x) VxEG
= {e * (x_l) _1! (n .u'i)(X_l)! (A }\i)(X_l): €,XE€E G}
And this implies that;
infl; (0] = (M) () = (M) 1),
inf[A;()] = (AX)(x) = (A2
Hence from (1) and (2) we get;
(Mu) ™) = (M p) (), AR EH = (AL (x)
And this implies that A, Mp A, is also a cubic fuzzy group.
Proposition 3.4: Let G be a group on the non-empty universal
set X,if A = {(x, 11 (x), A, (x)):x € G} and Ay =
{(x, t2(x), A5(x)): x € G} are two cubic fuzzy groups of C(G),
then A, Ny A, is also a cubic fuzzy group of C(G).
Proof: Since A4 and A, are cubic fuzzy groups of C(G), we have
(A1 Mg A)(x*y) = {x *y,inf(uy (x * y), i (x *
), sup(M (x * ), A, (x *y)) :x,y € G}
= {x*y,inf[;(x * y)], sup[A;(x * y)] : x,y € G}
> {x  y, inf[min{y; (%), w: (y)}],
sup[min{A;(x), A:(y)}]: x y € G}
= {x * y,min{inf(u;(x)) , inf(1;(¥))},
min{sup(2;(x)),sup (A:(y))}:x,y € G}
= {x*y,min{(N p) (%), (N ) )3},
min{(v ;) (x), VA)(M}:xy € G}
This implies that;
inflp; (x *y)] = (M i (x *y)) = min{(N z) (%), (N )M},
Sup[A;(x * )] = (VA;(x *y)) = min{(V 1) (x), (v 1) (1)}
Now
(Ay Mg A1) = xLinfl; x™ D], supA(x )] :x7t €
G}
= {e*xx7L,influ;(e xx V)], sup[A;(e xx )] :e,x"1 € G}
= {e *x7, inflmin{y;(e), u; ()31,
sup[min{A;(e),;(x)}] :e,x~! € G}
= {e *x~ %, min{inf(p;(e)), inf(1; (%))},
min{sup(2;(e)), sup(A;(x))}:e,x7* € G}
= {e*x~", min{(N g;)(e), (N ) ()},
min{(vVA;)(e), VA1) (x)}:e,x"1 € G}
Since ui(e) > yi(x),Ai(e) > }\i(X) Vx €G
={exx7L(Mp) (), (VA)(x):e,x™' € G}
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Implies that;

influ; x™H)] = (Mp) &™) = (M) (x), sup[A;(x )]
And =(vEH=2VE @

n

(Aq Mg A)(x) = {x,inf[u;(x)], sup[A;(x)]: x € G}, since
we have x = (x~1) ~ then we can write it as follows
={ex(x™1) Hinflu(e * (x™H) D],
sup[A;(e* (x™1) ")]:e,x € G}
> {e* (x™1) ~L inflmin{g; (e), u; x 1)},
sup[min{(2;)(e), A)(x ")} :e,x € G}
= {e* (x™1) 71, min{inf(y;(e)), inf(p; x™1))}},
min{sup((A)(e)),sup (A)(x™1)):e,x € G}
= {e* (x™1) ~Lmin{(N g (e), (N u)x™)},
min{(v;)(e), V1) (x D} e x € G}
Since u;(e) = p;(x), A(e) 2 1(x) VX €EG
={ex (D)L M p)E™, VA)E):ex €G)
And this implies that;
inflp; O] = (N p)(x) = (M) (x~ 1), supA(¥)] = (v
() = (VA (2
Hence from (1) and (2) we get;

(M) = M p) (), (VA)E™) = (VA)(x)
And this implies that A, Mg A, is also a cubic fuzzy group.
Proposition 3.5: Let G be a group on the non-empty
universal set X, if A; = {(x, 11 (X), Ay (X)):x € G} and A, =
{{x, u2(x), A2(x)):x € G} are two cubic fuzzy groups of
C(G), then A4 Up A, is also a cubic fuzzy group of C(G).
Proof: Since A, and A, are cubic fuzzy groups of C(G), we
have
(A1 Up A)(x*y) = {x*y,sup(py (x * y), o (x *

) sup (M (x * ), 2 (x *y)) : x,y € G}
= {x*y,sup[ui(x * y)], sup[A;(x * y)] : x,y € G}
= {x * y,sup[min{y; (), p; ()},
sup[min{A;(x), 2;(y)}]: %,y € G}
= {x*y, min{sup(u;(x)) , sup(u: (1)},
min{sup(%;(x)),sup (A;(y))}:x,y € G}
= {x*y,min{(U p) (x), (U ) ()},
min{(V A;)(x), (VA)(¥)}:xy € G}
This implies that;
sup[p(x * y)] = (U g;(x *y)) = min{(U p;) (x), (U
5162}
sup[A;(x * y)] = (V A(x * y)) = min{(V A) (x), (V
ICR)
Now
(Ag Up A)(x™Y) =
{h™%, sup[p; x™ D], sup[A;(x )] :x7" € G}
= {e*x71,sup[u;(e *x D],
sup[A;(e*x )]:e,x" ! € G}
> {e* x~', sup[min{u;(e), u; ()},
sup[min{A;(e),A;(x)}]:e,x"1 € G}
= {e *x~ %, min{sup(u;(e)), sup(u;(x))},
min{sup(2;(e)), sup(A;(x))}:e,x7! € G}
= {e*x~ L min{(U uy)(e), (U u) ()},
min{(V ;)(e), (V1) (x)}: e,x"! € G}
Since p;(e) = p;(x),A(e) = (%) Vx €G
= {exx71, (Up)(x), (VA)(x):ex ! € G}

Implies that;
sup[p; x™ D] = (U p) ™) =
(U p) (x), sup[A; (x~ )]
=(VAWEH =V @)
And

(A1 Up A2)(x) = {x,sup[p;(x)], sup[A;(x)] : x € G}, since
we have x = (x~1) ~* then we can write it as follows
={e* (x™) "L suplple = (x7H) 7H],
sup[A;(e* (x™1) "1)]:e,x € G}
> {e * (x™1) !, sup[minfy; (e), m(x )},
sup[min{(A;)(e), A)(x" M} :e,x € G}
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={ex(xH 7
min{sup(;(e), sup (u; (x1)}, min{sup((A,)(e)),
sup (M) (x™)}:e,x € G}
= {e* (x™1) 7L min{(U p)(e), (U 1) (x™ 1)}, min{(v
A)(e), (VA)(x D} e x €GY
Since y;(e) = u;(x),A;(e) =2 (%) Vx € G
={ex (™) LU, (VI)E e x €G)
And this implies that;
sup[; ()] = (U ) (x) = (U p) (x™ 1), sup[A(x)] = (v
A = (VAET (2
Hence from (1) and (2) we get;
Up)ED = U p)), (VADE™) = (VA ()
And this implies that A, Lip A, is also a cubic fuzzy group.
Proposition 3.6: Let G be a group on the non-empty universal
set X,if A = {(x, 11 (x), A (x)):x € G} and Ay =
{(x, 12(x), A,(x)): x € G} are two cubic fuzzy groups of C(G),
then A4 Uy A, is also a cubic fuzzy group of C(G).
Proof: Since A, and A, are cubic fuzzy groups of C(G), we have
(A Ug AZ)(x*y) = {X *y,sup (uq (X * y), pa (X *
), inf(A (x * ), A2 (x ) :x,y € G}
= {xxy,sup[p;(x *y)],inf[A;(x * y)] :x,y € G}
> {x * y, sup[min{u;(x), ; (y)}],
inflmin{};(x),A;(y)}] :x, y € G}
= {x*y,min{sup(1;(x)) , sup(; )},
min{inf(2;(x)) ,inf (A;(y))}:x,y € G}
= {x*y,min{(U ;) (x), (U u) M)},
min{(A ;) (x), (AA) (M)} :xy € G}
This implies that;
sup[p;(x * y)] = (U p;(x * y)) = min{(U
1) (), (U ) ()},
inf[A;(x * y)] = (A N(x *y)) = min{(A
A) (), (A ) (N}
Now
(Ay Ug A2)(x7) = {x71, suplu;(x™ D], inf[A;(x D] :x7 €
G}
={e*x71, sup[p;(e xx V)], inf[A;(e x x"1)]:e,x~1 € G}
= {e *x~ 1, sup[min{u;(e), u;(x)}],
inflmin{};(e),;;(x)}] :e,x~* € G}
= {e*x~, min{sup(u;(e)), sup (1; ®))},
min{inf(2;(e)), inf(3;(x))}:e,x™* € G}
= {e*x~!, min{(U p;)(e), (U p) (0},
min{(AA;)(e), AN)(x)}:e,x"1 € G}
Since ui(e) > ui(x),Ai(e) > }\i(X) Vx €EG
={exx71, (U p)(x), (AA)(X):e,x~ € G}, implies that;
sup[p;(x D] = (U ) (x71) = (U p) (), inf[A;(x )] = (A
AWETH = ()X (1)
And
(Aq Ug Ay)(x) = {x,sup[p; (®)], inf[A;(x)] : x € G}, since we
have x = (x~1) ~* then we can write it as follows
={e* (™) "Hsuplp(e* (x7H) D],
inf[A;(e * (x™1) ")]:e,x € G}
> {e* (x1) 7%, sup[min{y; (e), i, x™ 1},
inflmin{(A;)(e), X)) x"1}]:e,x € G}
= {e* (x™") 7%, min{sup(u; (e)), sup(;(x™1))},
min{inf((A;)(e)),inf (A)(x™1))}:e,x € G}
= {e* (x™1) 7L min{(U p)(e), (U ) (x~ 1)},
min{(A1;)(e), AX)(x" D} e x € G}
Since y;(e) = u;(x),A(e) =2 ,(x) Vx €G
=fex (™)L UuIE™, (A )E):ex €G)
And this implies that;
sup[u; ()] = (U ) (x) = (U ) (x™), inf[A;(x)]
= (AW)() = (A &)
Hence from (1) and (2) we get;
Wpd ™) = U p) (), A = (AN (x)

And this implies that A, Lig A, is also a cubic fuzzy group.
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Definition 3.8: A cubic set A on the non-empty universal set
X, is called a cubic fuzzy semi group if;

p(xxy) = min{u(x), u(»)},  Ax*y) = min{A(x),A(y)},
Vx,y€QG.

Clearly, by the definition that every cubic fuzzy group is a
cubic fuzzy semi group but in general the converse is not true,
for example, in Example 3.2 if we take x = 0.1, then

p((0.071) = p(10) = [ﬁ H] # u(0.1) = [0.1,0.02].
Remark 3.2: Suppose A = (u,A) be a cubic set if A is both
internal-external cubic set, then A is a cubic fuzzy semi

group.

4. CUBIC FUZZY NORMAL SUBGROUPS

In this section, we present and study the concept of cubic
fuzzy normal subgroups as an extension of fuzzy normal
subgroups given in [10]. Some properties of this concept are
discussed by membership functions.

Definition 4.1: Let A € C(G). Then A is called a cubic
fuzzy normal subgroup of €(G) if for all x,y € G,

H(x*y) = p(y *x), Ax x y) = Ay * x).
The set of cubic fuzzy normal subgroups of C(G) is denoted
by €, (G).
In Example 3.1 we see that a cubic fuzzy group A =
which is a cubic fuzzy normal subgroup because;
px*y) = p(y *x), A(x*y) = Ay *x) Vx,y €G.
Theorem 4.1: Let A be a cubic fuzzy subgroup of C(G),
then A is a cubic fuzzy normal subgroup of C,(G) if and
only if RO Ex e y) = pE0), AT Exxy) =
A(x) Vx,y €QG.
Proof: Suppose that A is a cubic fuzzy normal subgroup of
Cn(G), then

nO Tt rxxy) = p((TD) * (xxy)) =
R(Gexy) ™)) = (@ * *y™H) = n®
Ayt xxxy) = UG * (x*y) = A(x*y) *
O =AU *@*y ) =1x
Conversely: let u(y txx*y) =pux),A(y Lxx*y) =
A(X) V x,y € G, then we have to show that A is a cubic
fuzzy normal subgroup of C,(G),
ROy *x) = p(x™txx xy*x) =
ROt (xx y) *x) = p(x *y)

Ay xx) =A(x txx*xyxx) =

A= (xxy) #x) = Alx *y)

()

This implies that A is a cubic fuzzy normal subgroup of -

Cr(G).
Definition 4.2: Let A be a cubic fuzzy subgroup of C(G)
which is called a cubic fuzzy normal subgroup of C,(G) if
nOy P xxy) = min{u(x), u(M}, A xxxy) 2
min{A(x), A(y)} Vx,y € G.
A cubic fuzzy group A = (i, A) in Example 3.1 is a cubic
fuzzy normal subgroup because it satisfies the condition;
uy ' xx*y) = minfu(x), u(N}, A xxxy) =2
min{A(x), A(y)} V x,y € G.
Proposition 4.1: Let G be a group on the non-empty
universal set X, if A; = {{x, 11 (X), Ay (X)):x € G} and A, =
{(x, U2 (%), A, (x)):x € G} are two cubic fuzzy normal
subgroups of C,(G), then A; Np A, is also a cubic fuzzy
normal subgroup of C,,(G).
Proof: Since A, and A, are cubic fuzzy normal subgroups
of C,(G), we have

(AL Np AN xx*Y)
=y Lexxy,infl(y 7 e xxy)],
infA,(y " xx*y)]:xy,y " € G}
= {y L xxxyinf [ (D * x*y)],
inf (D) * x*y)]:xy,y " €G}
=y~ xxxyinf [u((x*y) = ")),

inf [4; ((X*y) O™NI:xy,y tEG)

= {y~ !+ x*y,influ; (0], inf (0] : % v,y
=yt exxy, (Muw(x), (M) XY,y
This implies that;
influ(y ™t xxxy)] = (M (™ *x*y)) = (M (%),
inf[3;(y "+ x*y)] = (NG~ *x*y)) = (M A(X).
By Theorem 4.1, we get that A, Mp A, is also a cubic fuzzy
normal subgroup of C,,(G).
Proposition 4.2: Let G be a group on the non-empty universal
setX, if A={xuE)MX):xeC and A,=
{(x, 12(x), A,(x)): x € G} are two cubic fuzzy normal subgroups
of C,(G), then A, Ny A, is also a cubic fuzzy normal subgroup
of C,(G).
Proof: Since A; and A, are cubic fuzzy normal subgroups of
Cn(G), we have

(A Mg A *x *y)

=yt xxxy,influ(yt = xx y)],
sup[A(y Tt xxx )] :x,y,y ! € G}

= {y~trxxy,inf [ (71 * (x * )],
sup (D) * (x *y)]:xy,y" € G}

= {y"Lexxy,inf [ ((x x y) * 7)),
sup [A((x* ) * " N]:xy,y " € G}

= {y~ ' * xxy,inf [1;(x)],sup [L;(X)]:xy,y ™" € G}
=y traxy, (Nu(x), UA®):xy,y ™ €G
This implies that;
influ;(y = * xx )] = (M~ *x+¥)) = (N (X)),
sup[L(y 71 x x y)] = (WA * x x ) = (U A()).
By Theorem 4.1, we get A4 My A, is also a cubic fuzzy normal
subgroup of ¢, (G).
Proposition 4.3: Let G be a group on the non-empty universal
setX, if A={xuE)MX):xeC and A,=
{(x, 12(x), A,(x)): x € G} are two cubic fuzzy normal subgroups
of C,(G), then A, Up A, is also a cubic fuzzy normal subgroup
of C,(G).
Proof: Since A; and A, are cubic fuzzy normal subgroups of
Cn(G), we have

(A Up ANy~ !

y~! €G}
y~1€eG}

“x %)

={y txxxy,sup[u(yt xx )],
sup[L(y txxxy)]ixy,yt €G}
={y " xxxy,sup [ (™) * (x * )],

sup [A((™) * (x*y)]:xy,y ™t € G}

={ytxxxy,sup [w((x *y) * )],

sup [A(Cxxy) * "] xy,y ™ €G}

= {ytxxxy,sup [w(x)],sup [L(X)]:x,y,y~" € G}

={y "t xxxy, (Um(x), U)Xy Yy €G

This implies that;

sup[w (v~ *xxx Y)] = (U™t + x * ) = (U (X)),
sup[Li(yt xxx )] = (WA xx*y)) = (UA(X).
Hence, by Theorem 4.1, we get that A, Lp A, is also a cubic
fuzzy normal subgroup of G, (G).

Proposition 4.4: Let G be a group on the non-empty universal
setX, if A;={xuE)AMX):xeC and A,=
{(x, u2(%), A, (x)): x € G} are two cubic fuzzy normal subgroups
of C,,(G), then A, LIy A, is also a cubic fuzzy normal subgroup
of C,,(G).

Proof: Since A; and A, are cubic fuzzy normal subgroups of
Cn(G), we have
(A Up A1

xxxy) = {y"txxxysuplu(ytxx

1,
infA;(y "t xx =) xy,y™ € G}
={y txxxy,sup [u((™H) * (x * y))],

inf [A((r™1) * (x*y)]:xy,y ' €G}
={y P xxy,sup [u((x *y) * (y~))],
inf [A;((x *y) * " N]:xy,y 1 €G}
= {y~ " *x*y,sup [ (0], inf [L;(X)]:xy,y"" € G}
={y txxxy, (Uu(x), (ML) :xy,y " €G}
This implies that;
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sup[w (vt *xx )] = (W~ x*y)) = (U (X)),
infA, (" xx )] = (MG~ *x*y)) = (M A(X).
By Theorem 4.1, we get that A, LI A, isalso a cubic fuzzy
normal subgroup of C,,(G).

5. CONCLUSION

A new concept of a fuzzy group namely the cubic fuzzy
group on cubic fuzzy set is introduced by incorporating the
features of a fuzzy set and an interval-valued fuzzy set.
Several properties and theorems of a cubic fuzzy group and a
cubic fuzzy normal subgroup are investigated and proved.
We proved that (P-, R-) intersection and (P-,R-) union of two
cubic fuzzy groups are cubic fuzzy group. Finally, we
presented the (P-, R-) intersection and (P-, R-) union of two
cubic fuzzy normal subgroups and proved that they are also
cubic fuzzy normal subgroup. Our future research is to define
and apply some mappings on cubic fuzzy groups, cubic fuzzy
rings and cubic fuzzy fields.
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